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10

The Viscosity of the Mantle: Evidence from Analyses of
Glacial-Rebound Phenomena

K U R T  L A M B E C K  a n d  P A U L  J O H N S T O N

10.1. Introduction

Our knowledge of the bulk composition of the Earth is well constrained by observa-
tions that include cosmic elemental abundances and laboratory analyses of rock and
mineral samples originating from the mantle (e.g., Rin,ewood, 1975; O'Neill and
Palme, Chapter l, this volume). Also well constrained are the bulk elastic properties
of the Earth through the analysis of seismic wave propagation (e.g., Kennett and van
der Hilst. Chapter 8, this volume) and analyses of tides and the planet's rotation. But
less satisfactory is our understanding of the time-dependent or viscous response.
Various geophysical observations indicate that stress and strain in the planet as a
whole are not in phase, as seen in observations of the Earth's tides, and that the
mantle creeps when subjected to stress, as demonstrated by crustal rebound after
removal of ice loads. But we do not have a complete description of the solid Earth's
departures from elasticity. Laboratory experimentation on terrestrial materials in-
dicates that the nonelastic response of the mantle is dependent on the defect nature
of the solid, such as dislocation density and dislocation mobility, which in turn are
functions of the ambient temperature, pressure, and nonhydrostatic stress. Thus, at
seismic frequencies, the response to an applied oscillatory stress is out of phase
because of the finite diffusion time of the atoms around the dislocation, whereas
for longer-term motions associated with tectonic stresses the response is described
in terms of a solid-state viscosity. This viscosity is an important property entering
into quantitative evaluations of the thermal history and the convective regime of the
mantle. Yet it remains a relatively poorly known quantity, and the major unresolved
issues include the nature ofits depth dependence and lateral variability, particularly
within the upper mantle. There are numerous reasons for this state of affairs, not
least being the difficulty of interpreting the geophysical data regarding attenuation
or relaxation and the lack of an adequate basis for extrapolating the behaviour ob-
served in laboratory experiments (e.g., Jackson and Rigden, Chapter 9, this volume)
to the solid Earth as a whole.
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462 Structure and Mechanical Behaviour of the Modern Mantle
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Figure 10. I . Schematic spectrum of Earth-deforming processes that can be observed by a
raige of techniques. The rheology function describing the nonelastic behaviour over this
frequency rangsis largely unknown, aild two possible examples of how attenuation or stress
relaxation may vary with frequency are illustrated by the dashed lines.

A range of geophysical observations provides some information on the departures

of the Earth's response from elastic behaviour. Figure l0.l shows the spectrum of

possible processes, ranging from periods of seconds to 108 years' At the very

high frequencies (i.e., periods of 10-1 years or shorter), the response is essentially

elastic, whereas at the low-frequency end of the spectrum (periods of 107 years or

longer), the response is essentially that of a fluid. The nature of the response function

between these two limits is, however. essentially unknown, and its determination

remains a major objective of geophysical research.

The geophysical observations of interest here concern the response or deforma-

tionD to an applied force f .The deformation may take various forms: a surface

displacement measured with seismic sensols; a change in the gravity field, as in the

case of earth-tide measurements; a change in the pianet's rotation, as in the case

of the Chandler wobble or chan,ges in the length-of-day on decadal timescales; a

change in sea level. as in the case of the isostatic adjustments to changes in the

Earth's ice sheets. If the corresponding forces are known. then it becomes possible

ro estimate a response function R for the Earth on the time and len-eth scales that are

characteristic of the particular phenomenon under consideration. The resulting re-

sponse function is, however, likely to be complex. because the different -seophysical

problems have different timescales. cause different stress levels, or preferentially

stress different parts of the Earth. Thus the resultant response function derived
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from analysis of any sin-ele process involves effective parameters that describe the
response characteristic of the particular applied force.

The geophysical challenges are twofold: to infer the appropriate response tunc-
tions for the Earth for the difïerent processes and to interpret these functions in
terms of the mantle rheology. The firsr is complicated by the fact that the t-orce
responsible for the observed det'ormation may not be well known, and aspects of it
may have to be infened from the observations themselves. The second challenge is
complicated by the fact that the estimated response functions are global responses.
reflecting not only the solid Earth but also the atmosphere and oceans. Thus, an
estimate of the tidal response of the Earth derived tiom analyses of the perturba-
tions in satellite orbits contains a solid-Earth component and ocean and atmosphere
components, and the last two have to be evaluated independently in order ro assess
the response tunction tbr the solid Earth. Likewise, the response t-unction for the
Earth inf'ened from analyses of the Chandler wobble is conraminated by the ocean
and atmosphere responses.

The geophysical problems may theretbre be considered as falling into one of
two categories: ( I ) where the force -F is known, the deformation 2 is observed,
and the response function R is inf-ened; (2) where R is assumed known, and -F is
int-erred from the observed D. An example of the first class of problems occurs in
tide analyses, where the gravitational force giving rise to the tide in the solid Earth
is well known and the Earth's response can be measured as changes in the tilt of its
surf'ace, in gravity, or in its rotation. Also representative of the first category is the
response of the crust to volcanic or sediment loads on timescales of l0ó years. Here
geolo-eical data can provide a description of the loading history, and the observed
quantity may be the deflection of the surface or the graviry anomaly produced by the
redistribution of the surface load and the deformation. Included amongst the second
class of problems is the study of the decade-scale changes in rhe Earth's rotarion.
Here the cause of the irregular rotation is essenrially unknown, and the response
function is usually assumed to be known. Another example is provided by mantle
convectioR, where aquantification of the tbrces driving the mantle motion is sought,
and the viscosity is usually assumed to be known. In reality, many of these analyses
invoive a combination of the two classes of problems, where the observations are
used to infer aspects of both F andT?. The glacial-rebound problem is one example
of this, where the history of the ice load is only partly known from independent
evidence or arguments, and aspects of the load have to be inferred from the same
observations that constrain the Earth's response function 7l,. Thus, when searching
for the rheology of the solid Earth, unique solutions are rarely possible, and one
often leams as much about the forcing functions or about the fluid parts of the
Earth as about the mantle's viscosity structure. In some instances a separation of
the various aspects of a problem is possible, as is the case for the response of the
Earth to the waxing and waning of the ice sheers on timescales of 103-105 years. But
here also one learns much about surface processes in the course of understandins
the mantle viscosity.
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In this chapter we focus on this latter problem: the inference of mantle viscos-
ity from the change in the Earth's shape and gravity ûeld as ice sheets grow and
decay. The resulting redistribution of the surface load of ice and meltwater has
several consequences that are of geophysical significance on both global and re-
gional scales. On a global scale, the Earth deforms under the new ice-water load
distribution, and the inertia tensor and gravity field for the planet, comprising the
solid Earth, ice, and oceans, become time-dependent. This has two immediate con-
sequences: The Earth's rotation is modified, and the orbits of near-Earth satellites
are pernrrbed from what thèy would be in a time-constant gravity field. The former
includes changes in the angular velocity about the rotation axis (a change in the
length-of-day) and in the direction of this axis relative to the Earth itself (pola¡

motion). Over intervals for which some observational record exists, both changes
are of a secular nature: a positive acceleration of the Earth or a decrease in the
length-of-day, and a drift in the position of the rotation axis relative to the crust
along the 70o west longitude meridian. The length-of-day record extends more than
2,000 years back in úme, but other physical processes modify this quantity as well,
and the challenge is to isolate these from the deglaciation-induced changes. The
polar-motion record extends about 100 years back in time, and the interpretation
of this record is ambiguous (Lambeck, 1980, 1988).

The time-dependent gravity field introduces perturbations in the orbits of
near-Earth satellites, with the most readily observed one being a linear change
in the rate of precession of the orbit about the Earth's rotation axis. The obser-
vational record of less than 20 years is short when compared to the characteristic
loading time-constant or the characteristic viscous relaxation-time, and other forces
can perturb a satellite orbit in addition to the de_glaciation-induced changes in the
gravity field. Unique interpretations are again out of the question.

More locally, the Earth's surface is deformed in response to the changing
ice-water distribution. The primary deformation is in the vertical direction, but
horizontal displacements may also be important. Only recently has it become pos-
sible to measure these deformations using the precise geodetic-positioning methods
provided by satellite and radio-astronomy technolo_ey. and it will be some years be-
fore useful records become available. More important is the deformation of the
crust relative to sea level. because long geological records of such movements are
abundant, even though the observations themselves usually are not very precise.

Sea levels change relative to the Earth's centre of mass because of the changing
ocean volumes as ice sheets grow and decay, but the crust is also dispiaced radially
as a result of the variations in surface loads. An observation of relative sea level
is therefore a combination of these two contributions: the changing ocean volume,

and the displacement of the surface of the solid Earth. These sea-level observations
will form the primary data source discussed in this chapter.

The glacial-rebound problem is not a new one. T. F. Jamieson, in 1865, sug-
gested that the elevated shorelines in northern Europe are indicative of the Earth's
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adjustment to the removal of the lare Pleistocene ice, and N. s. Shaler, in 1874,
reporting on the changin,s levels along the coast of Maine. New England, made
a similar suggestion (Andrews, 1974). Attempts to devise quanritative models for
the Earth's rebound to the melting of the most recent glacial cycle, between about
20,000 and 10,000 years ago, were made by Haskell, Niskanen, vening Meinesz,
and Gutenberg in the I 930s and 1940s, and their conclusion, that the average viscos-
ity of the mantle is about l-3 x t02t Pa.s (e.g., cathles, lgTs),is stil l valid today.

Over the past two decades this topic has enjoyed a renaissance, for several rea-
sons. Foremost was the development of the plate-tectonics paradigm: A dynamical
description of mantle convection requires a knowledge of mantle viscosity (e.g.,
Davies, chapter 5, this volume). Glacial rebound is the most appropriate phe-
nomenon available for estimating rhis property at timescales approaching those
characteristic of mantle convection. Secondly, a wealth of geomorphological and
geological evidence of raised and submer-qed shorelines and other indicators of
ancient sea levels has become available, constrained in time by radiocarbon ages.
such data, not only from the ibrmerly glaciated areas but also from areas much
farther away. have been critical in constraining the rebound models. Thirdly, there
have been major improvements in the conception of the glacial-rebound model
deriving from the work of Mcconnell (1968), o'connell (r971), walcort (1970,
1972), Peltier ( 1974), carhles ( 1975), Farrell and clark (197 6),Pettier and Andrews
( 1976), and clark, Fanell, and Peltier ( 1978), and together, rheir findings have ied
to the modern tbrmulation of the glacio-isostatic problem.

10.2. Surface Loading of a Spherical Earth
10.2.1. Deþrmation of Spherical-Earth Models by Surfuce Loads

I 0.2. 1. I. Governing Equations

The basic equations governing the deformation of a model Earth describe the inertia
(or motion), the link between density and gravitational potential, and continuity
conditions (e.g., Fung, 1965; Malvern, 1969). Large-scale changes in glacial loads
occur on timescales of thousands of years, and so the effects of rotation and of the
acceleration term in the inertia equation, which operate on much shorter scales,
can be neglected. The initial state of the body is assumed to be one of hydrostatic
equilibrium, and the equations are expressed in terms of incremental changes in
deformation and stress. Second-order terms containing the products or squares of
the increments are ignored. V/ith these assumptions, the incremental forms of the
three equations in a Lagrangian reference frame are (e.g., Wolf, l99i)

y  .  r (ô )  *  V(p(O) ¡ .VV. (O) )  _ l  p (^ )y r ¡ to )  ¡  O@yr¡ (^ )  :0  ( l )

V2ú@) - -4trGp(t> Q)

p(^ )  :  _V.  (p (o)u)  f ¡ l
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where u is the displacement, r is the Cauchy stress tensor, p is densiry, ty' is the
gravitational potential, and G is the gravitational constant. Equation (1) describes

the balance of forces from spatial gradients in stress (first term) and pernrrbations

of gravitational forces due to changes in density (thi¡d term) and in the gravitational

potential (fourth term). Before deformation, pressure increases with depth because

of the weight of overlying material. As the Earth is deformed, the initial shess is
advected, as indicated by the second term in equation (1). Equation (2) describes the
change in gravitational potential caused by changes in density, and equation (3) is a
statement of the conservation of mass. The superscripts zero, lowercase delta, and

capital delta in equations ( i )-(3) refer to the initial state, to material increments, and

to local increments, respectively. For any ûeld variable /, the material increment

¡{a) ir the change from the initial state for a particle, and the local increment /(a)
is the change in the field variable at a location. If the original location of the particle

in the Lagrangian reference frame is X, the relation between the material increment

/(ô)(X) and the local increment ¡{a)1X¡ is

-f(u)(x) : ¡in)1¡¡ + uCK) . v¡{o)6;

where the second term on the riehçhand side describes the advection of the initial

field.

1 0.2. I .2. Constitutive Law

In addition to these fundamental physical equations, a constitutive relation between

the incremental stress field 1z{al; and strain field (e ) is required. For high-frequency

deformations, an elastic relation is mostly satisfactory, and the constitutive equation

is

where ¡r is the elastic shear modulus. r is the bulk modulus. and ð¡¡ is the Kronecker-

delta tensor (: I if i : j .0 otherwise). The repeated indices follow the summation

convent ion ( i .e. .  err  :  €l l  *  e: :  *  e¡:) .

Glacial rebound occurs on an intermediate timescale. where the Earth exhibits

aspects of both solid and fluid behaviour. and one of the simplest representative

constitutive laws is that of a Maxwell solid, for which

where 4 is the kinematic viscosity. and a dot over a variable indicates time dif-

ferentiation. The Maxwell body is one example of a general class of linear vis-

coelastic materials in which at high frequencies the material responds as if elas-

ric, and at low frequencies the material flows as a viscous fluid. This choice is

largely dictated by mathematical expediency, rather than by physical reality, but

(4)

i,!e' * i(::' 
- I'li',,,) : (" - ir)t*t,, *z¡tè¡¡ (6)

t t l
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it nevertheless appears to work remarkably well over the frequency range and
stress-magnitude range of the glacial-rebound problem. The consequence of this
choice is that the viscosity values are effective parameters that describe the vis-
coelastic behaviour of the Earth under glacial-loading conditions, but cannot be
readily extrapolated to the substantially different frequency-stress condirions of
other phenomena' Other. more complex forms for the linear viscoelastic body have
sometimes been used in describing glacial rebound (e.g., peltier, Drummond, and
Tushingham, t9861 Rümpker and worf. 1996), but rhis does not appear ro have
offered any major improvements in the matching of model predicrions to the ob-
servational evidence.

I 0.2. 1.3. Boundary Conditions
The solution of the equations must be subjected ro a number of boundary conditions,
including the requirement of regularity at the cenrre of the Earth ro ensure that phys-
ical parameters remain finite there. At the outer surface. the boundary conditions
require that the radial stress r,,. be baranced by the normal surface load, that the
tangential stress elemenß r,.d and r,¡ be zero, and that a condition tbr the continuity
of a modified -gravitational potential gradienr be satisfìed (e.g., Longman. 1962). If
¿(ô) is the surt'ace-load increment (mass per unit area) at the surface r : R. then
these boundary conditions are

r , l j ) t n .  d .  À )  :  - - t 0 )1p ¡¿ {ü ) (R .  a .  i )  ( i )

r ( . J ) _ . ( ô ) _ n
" r H  -  ' r À  - v

Ê.  l v¿ ta t  - . l zGp(0 t r r ' l -  :  -4 t rG¿(ð) (R.  a , .1 , )  (9 )

where I is the colatitude and À is the longitude of the point of application, Ê is a
unit radial vecror, and o(0) is rhe initial gravity (: _ô{rø /ôr). The symbol [/]l
signifies lim¡*o f (R + h) - f (R - /z). Boundary conditions also appiy at interior
surfaces across which the material properties are discontinuous. These include the
core-mantle boundary and chemical- or phase-transformation boundaries in the
crust and mantle, as well as boundaries of discontinuity that may be introduced by
the discretization of the radial parameters of dênsity and rheology.

I 0.2. 1.4. Formulation in Spherical Co_ordinates
For Earth models in which the initial state is one of spherical symmetry, the natural
formulation for the equations of motion is in terms of spherical co-ordinates, in
which the loads and deformations are defined in a spectral domain using spherical-
harmonic functions. If a linear rheology is aiso assumed. rhen a surface-load har-
monic of a given degree will lead to deformation, stress, and gravity changes in the
Earth model that will be described in the same spherical-harmonic fbrm, with the
constants of proportionaiity defined by a set of radially varying parameters known
collectively as Love numbers.

(8)
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Any function on a unit sphere, such as a surface load l, can be expanded into

surface spherical harmonics Yn^ as

L(0,),): Ë f ,^^r,^(0, À) - ir,r,1r,^¡ (10)
n=Q m:-n n=0

with

Yna (0, )r) -

( (2n+r ) (2 -  s i )@ lml ) ! l r to - - , ^^^n \  (  cosm) . \  (n  >  m >  o)

\ (" rl.DI ) 
tn^ (cosü) 

\sin lzl¡'/ (0 > m > -n;)

( 1 1 )

The Pn^ are the associated Legendre polynomials of degree n and order m. (The

funclions as defrned here are fully normalized, such that the mean square amplitude

for each over the surface of the sphere is unity.) The displacements, stresses, and

change in the gravitational potential can likewise be expanded in terms of the Yn^.

For example, for the surface load l,(0, À) from equation (10), whose gravitational

potential út(r,0, ),) at r > R is

/ R \ n
ú t ( r ,0 ,L ) :  +ú t . , ( r ) \ ;  )  

v^<e ,^ ¡

: 4tr RGt =f- ( !\ ' t,,Y,@, ^)
;  ¿ t 1 + l  \ r /

the new potential after deformation is defined as

(r2)

ú : r l t t ? ) + l ¡ z ( r )

with

^1, '1)(r):  f  L, (r){¡ t . ,¡)  04)
t1

Also, the displacement vector u(r,0. À) for r < R is defined in terms of Love

numbers and spherical-harmonic functions as

. \ -u(r .  u.  t . t  :  L+# ( i \ "  , r , , ( r )y, (o.À)t  + r t , , ( r . )yy, , (p.  À) l  0s)

where Vr,, is ,n. *.";"T";;: ;iítcat-harmonic runction. and h./. and k are the
Love numbers appropriate for this particular surface-loading problem (Love, I 91 1;

Jeffreys, 1959). The first two are the displacement Love numbers. and they define

the radial and tangential deformations within the planet; the third is the potential

Love number.

The equations for the entire deformation of a spherical elastic model reduce to six

coupled first-order partial-differential equations (Alterman. Jarosch. and Pekeris,

I  959) ;

ðy , ( r .  t )
:  Au(r.  t )y, ,(r ,  t )  Qt :  0,  t ,  .  .  .  ,  oo) (16)

(  l 3 )

ô r
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Yn 
-  

Qtn ,  ùn ,  Tr r t ,  ten ,  úu ,  Q, )T (  l 7 )

is a vector of coefficients describing the radial and tangential displacements (¿¿n,
u,'), the radial and tangential stresses (rru, rr)u), the gravitational potential ry',,, and
a function of the potential gradient Q,,.The matrix 4,,(r) is a function of the elastic
modul i  p '(r)andrc(r) ,gravi tyg(r) ,anddensityp(r)andspherical-harmonicdegree
n. The (un, r)n, ry',,) relate to the Love numbers accordine to

2 n * l
4n RGLnQ)

( t 8 )

10.2. 1,5. Elastic Solutions

Solutions to the elastic equations fbr the spherical geomerry are well known, both for
the free oscillations of the Earth, in which the accelerarion rerms in the inertia equa-
tion are important (e.g., Alterman et al., 1959), and for surface-loading problems.
For the latter. the equations have been discussed by Longman(1962) and Farrell
(1972). The appropriate boundary conditions at the surface have been discussed by
Longman (1962) and follow from equarions (7)-(9). The special boundary condi-
tions at the core-mantle interface have been discussed by Dahlen and Fels ( 1978),
and those where the discontinuity moves with respect to the material, such as at
phase-transfbrmation boundaries, have been discussed by Dehant and Wahr ( l99l )
and Johnston. Lambeck, and wolf (1996). Equation (16) can be solved analyti-
cally tbr models consisting of unifbrm incompressible sheils (Yuen, Sabadini. and
Boschi, 1982) or numerically for more complicated erastic models.

I 0.2. 1.6. Viscoelastìc Solutions: Laplace-Transþrm Methods
The elastic solutions have been widely used for modelling rhe response of the Earth
to short-duration loads, such as ocean tides or atmospheric-pressure fluctuations,
but for the glacial-rebound problem the time dependence of the response to rhe
changing surf-ace loads must be included. one of the primary reasons for adopt-
ing the linear-viscoelastic-response model, equation (6), to describe this behaviour
is that it permits the correspondence principle to be used. This states that a vis-
coelastic problem can be transformed to the equivalent elastic problem by taking
the Laplace transform of the elastic formulation for the fundamental physical equa-
tions, the constitutive equations, and the boundary conditions (Bland, 1960; peltier,
1974\.

The Laplace transform of a function

L{f (t)} : .f (s) (1e)

It has the useful property that time derivatives in the time domain are transformed

(i"i'''ii,::t;'))(,T't,:) ,,)

/(t) is defined by

: 
lo* 

e-,t f (t) dt
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to polynomials of the Laplace-ffansform variable s in the Laplace dornain; that is,

t{#}: s/(,,) - /(o)
The first step in the application of the correspondence principle to the viscoelastic
problem is to take the Laplace transform of the equations (1)-(3) and (6)-(9). The
correspondence principle states that the viscoelasúc formulation in the Laplace-
transform domain, is identical to that of the equivalent elastic problem in the time
domain, and the soiution of the former follows from the inverse Laplace transform
of the equivalent elastic solution. Because there are no time derivatives in equa-
tions (1)-(3), after Laplace transformation th¡ee analogous equations are obtained
in which each param eter f (X, r) is replace aAy i çX,s). Also, the transform of the
constitutive equation (6) is

,,!9) trl : (, -'+)ë¿;(s)ô¡; + 2û.(s)ê¡¡ (s)

with the Laplace-transformed shear modulus

(20)

(2r)

(22)

Equation (21) is formally identical to the elastic constitutive equation (5). Thus the
first-order partial-differential equations (16) in the Laplace-transform domain are

US
l¿(sJ : -s + þ l n

(, ifji,,) : ##,í, (::i[]'# :r)

with

l r :  ( ú u , ú u , i r r , î r r , r l t u ,  A . , , ) T  ( 2 4 )

The boundary conditions are also Laplace-transformed. and those at the outer sur-
face are (Longman, 1962; Wu and Peltier. 1982)

r r r (R )  :  - gQ)Lu ,  i ( t , , (R )  :  0 ,
¡ r I l

Õ.,,(R-) +- '+1t, ,(R) :  4rGL,,, R

(2s)

where Zqs.l is the Laplace-transformed load. Likewise. the definitions of the
Laplace-transformed Love numbers are

(26)

I0.2.1.7. Inversion o.f the l^aplace Transþntt

An issue of some importance in applying this methodology to the glacial-rebound
problem is the inversion of the solutions for the I,aplace-transformed parameters
back into the time domain. For Earth models consistine of a number of uniform
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incompressible layers, analytic solutions exist, and the solution vector takes the
normal-mode tbrm (Wu. 1978; Peltier, 1985)

(27)

where s/ are the negative inverse relaxation times. Such a form can also be assumed
for a more realistic compressible-Ea¡th model with conrinuously varying proper-
ties (Schapery, 1962; Peltier, 1974), and although the resulting solutions are only
approximate, they have been shown to give reliabie results by comparison with the
analytic results fbr the layered incompressible case (Mitrovica and Peltier, 1992).
Other -eeneral methods for obtaining the inverse transform have been discussed by
Davies and lvlartin (19'79) and Fang and Hager (1995).

10.2.2. The Seø-Level Equation
10.2.2.1. Description of the Load

To obtain realistic solutions of the equations, a high-resolution descriprion of the
coupled ocean-ice surface load is required. The ice load is defined here in rerms
of ice columns at discrete time intervals within which the change in the load is
assumed to be linear. The model starts at a reference epoch that is far enough in
the past tbr any loading history prior to that time to have no significant influence
on the predicted ,eeological or geophysical observables for rhe past 20,000 years or
so. The description of the meltwater load requires that the ocean surface remain an
equipotential surtäce at all times and that the ocean-ice mass be conserved.

The total change in the ice-ocean load is

L6)  @.  À ,  r )  -  p t  L I  (0 ,  \ ,  t )  +  pw  LW (0 ,  L .  r ) (28)

where Â1 is the change in the effective ice height I, LW is the change in water
depth W, and p¡ and p,y are the densities of ice and warer, respectively. (If the
ice is grounded below sea level. then / is an effective ice thickness that includes
a correction for the displacement of water by part of the ice load.) The change in
the ice load is the difference in the ice height between a time I and the initial time
t6, ând the change in the water load is the change in sea level, defined over the
oceans only. This latter spatial constraint is introduced through the ocean function
O(0, )", t), defined to be zero on land and unity on the oceans. Because the ocean
geometry changes with changing water depths, this function is variable in time.
Íf ç(0, À, r) is the sea-level change, defined with respect to the water level at the
reference time /s, then the change in water depth at time r with respect to the initial
condition at time /ô is

i,,(r. s) : 2,,(s) (ri<rl- É fq)
\  r : t  s -  s i '  /

LW (0 ,À , r) :  
l ' r  o r , x, t)9Ç @:!'  t2 dl (2e)

To take advantage of the Love-number formulation, the surface loads are expanded
in series of surface harmonics as well as functions of time. Thus the change in the
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water depth ÂW is expanded into spherical harmonics as

tw :Ë É ^wnmynm (30)
n=Qm:-n

and, likewise, the change in ice thickness A1 at any time is expanded as

A1 :t I L,r,*yn^
n=0m=-n

where the coefficients ̂ Wn,a and A,Ir^ are functions of time. Then the total surface
load is

: t+^LnmYn^:  
Ð 

^LnYn

(31)

/ 3  5 l

(30;

4trGR

8(o)  (R)
x L.L, ,Ol)v, fe,  x l\-

¿J

+ À, ,  (R.  t )  -  l t , , (R .  t )

2 n * 7

LçÍ,,Q)Y,,,, ,(0, ) ')
x , n

- \ -  \ -_ . L  . L
n : l  n t : - t t

A,L : ÐIfot"¡ wn^ * p1 L, Iaa)Yna

(32)

I0-2.2.2. Components of Sea-Level Change

Records of past sea levels take the form of the heights or depths of older shoreline
features, of age f , measured relative to the present (at time þ) ocean surface. The

measured quantity is therefore the change in sea level relative to the crust, which
itself moves vertically because of the response of the Earth to the change in the
ice-water load. This relative chanse in sea level is def,ned as

Aç@,  L ,  t )  -  Ç (0 ,  x ,  t )  -  ç (e ,  ) , ,  t p ) (33)

The sea-level change (33) comprises several components. The first is the eustatic
component LÇ" (t), defined as the mean change in relative sea level over the entirety
of the oceans, and because of the need to conserve mass, it provides a measure of
the change in the volume of continent-based ice. The zero-degree harmonic of a
function defines its average value. and

A¿e( r )  :  [ '  -  
l -dWoo( t ' )  

d t '  x  -  P I  a loo( ¡ )

J ¡u Ooo(t ' )  dt '  pw Ooo
(74\

The additional components allow for the sea-level change due to the deformation of
the crust under the load, proponional to lznL.L,,, and due to the change in the geoid

as surface mass and mass in the interior of the planet are displaced, proportional to
( I + fr,, )  ̂ ¿,,. The combined deformational effect is

. 1 . ( À ) r  p r

Lç ' t  @.  ) " ,  t )  -  t  
r , ,  r t l "  -  u , (R)

* t u r  ( R  )
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where the operator * represents multiplication for an elastic Earth and convolution
for a viscoelastic-Ea¡th model.

Because equation (35) does not conserve the total mass of ice and water, a small
time-dependent but spatially uniform facror dÇoU) must be added ro A(d, where

¡ O O t l

dço(t) x --J-I I ^çÍ^G)o,,n
veU  

n_ l  m=_n

(37)

The expressions for the components a f 
¿, Â(d, and dÇs were first derived for a step-

loading history by Faneil and Clark (L976) and were extended to the case of linear
loading phases by Nakada and Lambeck (1987). Explicit expressions allowing for
changes in the ocean geometry have been given by Johnston (1993), and the best
method culrently available for calculation of sea-level change has been described
by Mitrovica and Peltier (1991). The total relarive sea-level change is given by

Lç(0,À,  t )  :  Lç '  G)  + ^ lo  (0,  ) . ,  t )  +  d(o1) (38)

where the load consists of the ice and water contributions. Alternatively, the change
can be schematically written as

Lç(e.  À,  ¡ )  -  Lç"  Q)  + Lçt  (0 .  À.  ¡ )  +  L lw @, ) . .  t ) (3e)
The first term is the eustatic-sea-level function, which is a function of time only,
and the other two terms, the glacio- and hydro-isostatic components. represent the
perturbations resulting fiom the ice-load and water-load redistributions, including
the changes in gravitational attraction. Note that the water-load component depends
on the sea-level change through equation (29) and is calculated by iteration from
an initial approximare value.

10.2.3. Changes in the Long-Wavelength Component of
the Grav itøtio nal Po te ntial

The modification of the gravitational potential of a yielding-Earth model produced
by a redistribution of surfàce mass is given by equarion (13). The convenrional
notation for the static part of the Earth's potenrial U (r, 0, \) is

R) (40)

where the e n^ are the fully normalized Stokes coefficients representing integrals
of functions of mass distribution within the Earth (e.g., Lambeck, 1988). The major
term is e2s,thesecond-degree zonal Stokes coefficient, which relates to the second-
degree moment-of-inertia elements 1¡¡ by

( 1 * - f  t o
r r / . .  ^  1 \  \ J r l L E  l ,  ,  \ -u \r, u,  ̂ )  - -- ¡ r r- )r l =

(41)

and gives a measure of the Earth's equatorial flattening (irs value is about -500 x
10-6, whereas the other coefficients are on the order of 10-6 and smaller) ; mt isthe

ezo : 
àæ1r,, 

- )r,,, *,,,>]
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mass of the Earth, and R is the mean equatorial radius of the Earth. For the glacially
loaded planet, the total gravitational potential is the sum of equations (13) and (40),
and the combined potential can be written in the generalized form in which the
Stokes coefñcients have a úme dependence according to

(42)

This is the quantity that can be observed from repeated measurements of the Earth's
gravitational potential (see Section 10.4).

10.3. Sea-Level Changes of Glacio-hydro-isostatic Origin
10.3.1. Spøtial Variability of Sea-Level Change

The primary observed response to the melting of the last great ice sheets of latest
Pleistocene time is the change in sea level, evinced by old shorelines located above
or below the present position of the sea, depending on which terms in equation (39)

are most important. In the formerly glaciated areas (near-field sites), the dominant
contribution to the relative sea-level change is the crustal response to the changing
ice load, and this exceeds the eustatic change. This is well illustrated by the elevated
palaeo-shorelines observed in the Gulf of Bothnia in Scandinavia (Donner, 1995)
and in Hudson Bay in Canada (Fulton, 1989). In the former locality, for example,
rates of relative sea-level fall in excess of 20 mm/yr have been inferred for some
Iocalities once the areas became ice-free. and because of the viscous nature of the
mantle, the rebound and sea-level change have continued long after the last ice was
removed (Figure 10.2a). When the ice sheet is small. such as that over Britain, or for
locations near the margins of the larger ice sheets, as in southern Norway or northern
Denmark, the crustal rebound is much reduced, with a magnitude comparable to
that of the eustatic contribution, but of opposite sign. Thus, sea levels have remained
within a few tens of meters of the present level since late glacial time (Figure 10.2b).
Farther awa1,, beyond the areas of former glaciation (inrermediate-field sites). the
response of the crust to the removal of the ice is one of subsidence. caused by the
ffow of the underlying mantle material towards the rebounding, formerly loaded

Fi-sure I 0.2. Predicted and observed sea levels at several locations at increasing distances
from the centre of ice loading. The eustatic (e.s.l.) and isostatic (ice and water) contributions
are shown separately on the ieft-hand side. Note the different time and sea-level scales used.
The total predicted sea levels (continuous curve) are compared with the observations on
the right-hand side. (a) The Angerman River. northern Sweden, where the glacio-isostatic
signal (ice) dominates the eustatic change. (b) The Firth of Forth, Scotland. where the
isostatic rebound and eustatic chan-ee are more comparable in magnitude. (c) Dungeness.
southern En-eland. where the eustatic chan-ge dominates over the glacio- and hvdro-isostatic
contributions. (d) Gulf of Carpentaria. Australia. where the hydro-isostatic contribution
led to the small-amplitude. mid-Holocene highstand. All predictions are for a standa¡d
three-layer model defined b¡, equation (45).

en*:#*W#* tL,^())
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areas. At such sites the sea level appears to have been rising up to the present time,
even though all melting may have ceased much earlier. This is the case, for example,
foi southern England and for the Atlantic margin of France (Figure I0 .2c). For these
locations, the hydro-isostatic contributions become important when compared with
the glacio-isostatic effect.

For continental-margin sites fa¡ from the forrne¡ ice limits (far-field sites) the
dominant pernrrbation to the eustatic-sea-level function is the hydro-isostatic term,
although residual glacio-isostatic contributions remain (as discussed later). Here the
rising water loads the oceanic lithosphere, inducing flow of the underlying mantle
towards the adjacent continent or the former a¡eas of glaciation. Thus the ocean
floor subsides under the load, dragging down with it the coastal zone. But only after
the eustatic rise has become very small or zero will the hydro-isostaúc contribution
become dominant and the sea levels appear to fall (Figure 10.2d). This typically
occurred after about 6,000 s.p.

Sites on small islands far from the ice margins will move with the seafloor
in response to the water loading, and the hydro-isostatic term vanishes. Now the
residual pernrrbation is the small glacio-isostatic term, which does not vanish even
for sites far from the former ice margin. When an ice sheet grows, the crust beneath
it subsides, but beyond the ice limits a broad zone of crustal uplift develops because
the volume of the solid Earth must, to a first approximation, be conserved. Where
such a crustal-uplift zone occurs in an oceanic area, water is displaced, and a
sea-level rise will be recorded throughout the far-field. When the ice sheets melt,
the uplifted "peripheral bulge" subsides, the warer-holding capacity of the ocean
increases, and, in the absence of all other factors, sea level falls globatly. Thus, at
small oceanic islands away from the bulge the relative sea level will appear to have
fallen during late Holocene time, even when no further melting occurred (Mitrovica

and Peltier, 1991).
The schematic sea-level curves illustrated in Figure 10.2 indicate that the sea-

Ievel response to the changing ice loads is spatially quite complex, as was recognized
by Walcott (1972) and Clark et al. (1978). Figure 10.3 illustrares some of the spatial
complexity in sea-level response for three different locations at 6,000 B.p. The first
is for northwestern Europe (Fi-eure 10.3a), where the primary contributions are the
vanishing loads over Great Britain and Fennoscandia and the increasing water load
in the Atlantic and in the gradually flooding North Sea. The centres of rebound over
Scotland and Fennoscandia are clearly defined, and a narrow zone of subsidence
between the two developed as a consequence of both the ice and water loads. At this
epoch, when the nominal eustatic sea level was zero, the actual changes over the
re-gion ran-sed from -25 m to more than 30 m. Clearly. the concept of a regional sea-
level curve for this region, as sometimes proposed (Mörner, 1980), has little merit.

The second example is from the eastern Mediterranean region of Greece and
the Aegean Sea (Figure 10.3b). This region lay some 2,500 km from the northern
European ice sheets, sufficiently close for the glacio-isostatic terms to be important,



Vscosit-v of the Mantle: Glacial-Rebound Phenomena

I 200

Figure 10.3. Predicted patterns of spatial variabiliry in relative sea level for three regions at
6,000 e.p. (a) North Sea and Britain. (b) Greece and the Aegean. (c) Australia. The contours
represent the positions of mean sea level in meters, relative to the present-day mean sea
level. AII predictions are for the standard model of equation (45).
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observational detection using archaeological and geological evidence for the past

6,000 years or so (Flemming, 1978). That means that inferences of tectonic rates

for vertical motion from such observaúons need to be corrected for the isostatic

factors (Lambeck, 1995a). The third example (Figure 10.3c) is for the Australian re-
gion, where the primary deparnrre from eustasy is manifested by a small-amplitude

highstand of mid-Holocene age, formed when the bulk of deglaciation had ceased
(Lambeck and Nakada, 1990). This is primarily the hydro-isostatic effect. Major

spatial variability is predicted, and observed, for example, along the narrow gulfs

of South Australia, as diécussed later.

10.3.2. Requirements for Solution of the Glncial-Rehound Problem and

the Sepørafion of Parameters

Prediction of sea-level change through time requires (1) a formulation to take into

consideration all physical aspects of the Earth that affect the amplitudes and rates

of deformation in response to surface loading, (2) a set of parameters to describe

the elasticity and viscosity of the Earth, (3) models of the ice sheets through time,
(4) a model of the ocean geometry though time, which requires that the sea-level

change itself be known, and (5) a high-resolution mathematical solution for the

sea-level equation, as outlined in Section 10.2. The first requirement includes the

introduction of realistie depth-dependence for elastic moduli and density (Peltier,

1974; Nakada and Lambeck, 1987) and compressibility (Wu and Yuen, l99l), the

effects of any migration of phase boundaries in response to the surface loading
(Fjeldskaar and Cathles,7984; Dehant and Wahr, l99l; Johnston et a1., 1997),

and the effects of lateral variations in mantle response (Gasperini and Sabadini,

1989; Kaufmann, Wu, and'Wolf, 1997). Generally, neither the second nor third

requirement is satisfied, and parameters describing both the rheology and aspects

of the ice sheet must be estimated from comparisons between the model predictions

and the observations. Thus, a further requirement is a set of observations of sea-

level changes relative to the land, changes that are free from tectonic influences of

other than glacio-isostatic origin.

Our knowled-ee of the geographical distribution of the ancient ice sheets is lim-

ited. and generally it is not possible to obtain reaiistic inferences for the mantle

viscosity without considering the uncertainties inherent in the loading models. The

geographical limits of the principal ice sheets over the northern continents are gener-

ally well known for the Last Gìacial Maximum and for the retreat of the ice margin.

iar-eely because of the geomorphological features left behind by the retreating ice.

Over the shallow seas the limits of grounded ice sheets and retreat are generally less

well known. Also unknown is the height of the ice. except in areas where moun-

taintops extended out above the ice and retain evidence in the form of trimlines,

as in Scotland (e.g., Ballantyne and Harris, 1994). What may be better known are

the profiles across ice sheets. derived from considerations of the rheology of ice
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and the shear-stress conditions at the base of an ice sheet and from observations of
existing -slaciers (e.g., Paterson, 1971). Models of the ice sheets have been devel-
oped through such considerations, although results based on similar observational
constraints can vary significantly depending on the assumptions made about the
shear stresses that can be supported at the rock-ice interface. [See the models by
Boulton et aI. (1977,1985) for the British ice sheer, where the maximum and min-
imum reconstructions differ in terms of ice volume by a factor greater than 5.] A
simple procedure to overcome some of these limitations is to introduce a height
scale t'actor as an unknown in the ice mcdels for the time of maximum glaciation
(as discussed later) and to allow the form of the ice-height profiles to follow the
predictions based on the glaciological theories and on the observed spatial limits
of the ice sheet.

Provided that an adequate observational data base exists, some separation of
the various unknown or partially known parameters can be achieved because of
the spatial and temporal variability of the sea-level change since the time of the
Last Glacial Maximum, about 18,000 years ago. Sea levels far from the former ice
sheets. for example, provide a constraint on the total amount of meltwater added into
the oceans. Generally, levels were abour 120-130 m lower than today (chappell,
1974; Nakada and Lambeck, 1988), with some of rhe range in observed values
reflecting the uncertainty in the data and some reflecting the spatial variability in
sea levels due to the glacio-hydro-isostatic adjustments of the crust. This variability
is illustrated in Figure 10.4a for a profile across the eastern Australian margin and
shelf fbr two different Earth models. The model for a 5O-km-thick lithosphere, for
example, predicts the 18,000-year-old shoreline at a coasral sire to occur at a depth
of about I I5 m, compared with about 135 m at sires 200-300 km offshore. Thus the
int-erence of total ice volume on the basis of the last-glacial-maximum shorelines
requires an isostatic correction irrespective of whether the evidence comes from
far-field continental-margin sites or from smail mid-ocean islands.

The rise in far-field sea level during the melting phase provides a good estimare
of the integrated rate of melting of the ice sheets, because the predictions for
any one site are relatively insensitive to the choice of Ea¡th-model parameters
(Nakada and Lambeck; 1989). The predictions do vary, however, from site to site,
particularly across continental margins, because of the hydro-isostatic sea-level
term, as illustrated in Figure 10.4b: the sea-level rise for the offshore sites occurred
later than that for the coastal site by as much as 1,000 years during the past 10,000
years. Here again, the inference of eustatic sea level from such observations requires
the application of isostatic corrections. This model prediction is also important for
understanding the development of coral reefs during the period of rapid sea-level
rise: offshore reef-corals are consistently younger than nearshore reef-corals at the
same depth below present sea level.

observations of sea-level change from the far field before about 6,000 B.p. con-
strain mainly the eustatic-sea-level function. The timing of the highstand at about
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Figure 10.4. (a) Predictions of relative sea level at the time of the Last Glacial Maximum
at 18,000 g.p. for sites along a section across the Australian margin (in Queensland at 22'
south). The arrow numbered I marks the coastline, and that numbered 2 marks the edge of
the continental shelf. The predictions are for standa¡d mantle-viscosity models defined by
equation (45), with a lithospheric thickness of 50 km for the continuous curve and 100 km
for the broken curve. (b) Predicted sea levels at three sites from the section shown in part
a for the period 12,000-6.000 n.e. (c) Predicted sea levels at sites along the Firth of Forth,
from sites near the entrance to the Firth (Dunbar) to the upper Forth Valley (Lai(e Menteith).
All predictions are for the standard model of equation (45).

6,000 s.p. (Figure 10.2d) constrains the end of the major phase of deglaciation,

whereas its spatial variability determines largely the response function for the solid

Earth. The amplitude of this highstand is a function of three terns: any change in

ocean volume (the eustatic sea level) over the past 6,000 years, a small and spa-

tially quite uniform contribution from the response to the distant glacial unioading,

and a more important contribution from the water-load term. This latter is spa-

tially quite variable when coastline geometries are complex, as around the Gulf of

Carpentaria in Australia, or when sites lie effectively inland, as for Spencer Gulf

in South Australia (Figure 10.3c). The spatial differences among these highstands

are therefore functions primarily of the Earth's response to the water loading, and
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observations of such valiability provide a lneasure of the mantle's viscositv. wirh
the actual arnplitudes providing measures of viscosity and eusrasv (the ice-load
terms beins quite predictable away fiom the ice sheets). Separation of some of the
parameters again becomes possible (Nakada and Lambeck, 1989).

The tbrm of the late-glacial fall in sea level observed ar sires near rhe tbrmer
centres ot glaciation establishes constraints on mantle viscosity, Observational ev-
idence can be tbund only once the areas are ice-free, and the available records
are, unfortunately. relatively short. going back at most 9.000 years tbr the Gulf of
Bothnia in scandinavia and about 6,000-7.000 years tbr the Hudson Bay area in
Canada. The eustatic contribution to these curves is based on the inferences made
from the tar-field records, and the gravitational attraction of the sea by the ice
will be small or zero. because the ice was mostly -eone by rhe time evidence ibr
sea-level change could be recorded at such sites. The other parameter that heips
to determine the sea-level curve t'or sites of tbrmer ,slaciation is the ice height at
the time of maximum -slaciation. But if the shape of the height profiles tbr the ice
is assumed knolvn. antj the single unknown is the ice height. then this parameter
can be separated tiom the mantle viscosity: the latter determines largely the shape
of the sea-let'el curve. '"vhereas both the viscosity and the ice height determine the
magnitude of rhe total change.

Observations from near the margins of the ice sheem constrain all aspects of
the rebound model. The period of near-constant sea level, at about 10.000 e.p. in
F isure  l0 .2b . tb rexample .de termines the t imefbrwh ich theeustar icand isos ta t i c
contributions are of rhe same magnitude but of opposire sign. If the tbrmer is known
tiom the tar-fìeld analyses. then constraints are placed on the rheology. These
constraints become particularly valuable if the spatial variability of the heieht-rime
relation f'or these stil lstands can be int'ened fiom the observational evidence. as
is the case fbr some resions of scotland and Norway. In the former. tbr example.
a rock platt'orm (the Main Rock Platf'orm) _qenerally a few metres above present
sea level (Gray, 1978; Dawson. 1988) is believed to have been fbrmed or reshaped
at the time of the 10.000-e.p. stil lstand (Stone et al.. 1996). and observations of
the -eradient of this t'eature provide important constraints on the manrle rheology if
the ice limits are known. The small highstand observed in these curves for about
6.000 e.p. (Figure I0.2b) provides a measure of the time at which the meltin_s
of the ice sheets ceased. If this is everywhere the same. then the melting ceased
abruptly; but if the timing was spatially variable, having been eariier towards the
centre of the rebound. as appears to have been the case in Scotiand. that indicates
that some melting continued afier the peak was established. The amplitude of this
mid-Holocene highstand and the subsequent fail in sea level provide a measure of
the mantle viscosity.

Figure 10.4c illustrates the predicted sea levels for late-_elacial and post-glacial
times fbr sites along the Firth of Forth in Scotland. These illustrate well the sparial
variabiiity of some of the key features defining the sea-level response. For exampie,
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the minimum sea level occurs deeper and earlier the farther the site (e.g., Dunbar)
is from the centre of the ice load (near Lake Menteith). Evidence for this feature is
mainly hidden by marine sediments deposited during the subsequenr sea-level rise,
and few reliable observations exist. Better defined is the shoreline formed during
the highstand at about 6,000 s.p., and it is smaller and later at the eastern sites
(Dunbar, Leith) than at the western sites (Lake Menteith, Kincardine). The relative
sea-level maximum at about 6,000 ¡.p.led to the formation of the Main Postslacial
shoreline found widely in eastern Scotland.

The predicted sea-level curves for these former ice-margin sites depend greatly
on the assumed ice models for the region, and inferences about mantle viscos-
ity could be partly ice-model-dependent. Hence, in the frrst step of any analysis,
observations are used only for regions where reasonable constraints exist for the
ice sheet. Then, if the mantle parameters have been estimated, it becomes possi-
ble to make estimates that will improve the ice modeis for less well consrrained
areas, and through an iterative procedure it becomes possible to separate the various
parameters (Lambeck. l993a,b).

Further separation of mantle parameters can be achieved because of the broad
wavelength spectrum of the surface Ioad. The largest ice loads have dimensions
of up to 3.000-1.000 km. and these can be expected to stress the deeper mantle.
whereas the small ice loads, such as that formerly over the British Isies. stress only
the shallower mantle. However. the water loacl. of the dimensions of the oceans.
will stress the entire mantie, and for the British lsles. for example. it contributes
some l0-20vc of the rotal observed sea-level change (Lambeck et al.. 1996), with
the actual amount exhibitin-e some dependence on lower-mantle viscosity. This is
i l l us t ra ted inF igure  10 . -5 in the formof  d i f fe rences inpred ic rec lsea leve ls fo r rwo
Earth models that differ only in their Iower-mantìe viscositl '. l0I Pa . s as comparecl
with I 0ll Pa ' s. For the time of the glacial maximum. the clifferences artain several
tens of metres and are pr imari l l '  the consequence of the Fennoscandian ice load.
For 6.000 B.P. the differences are of the order -l-.1 m for the region- larcer than
t lre observat ional accuracy of much ol ' the data at this t ime. Thus t l re sea-level data
from most si tes wiì l  general ly contain sonle informarion recardine t l re Iower-mantle
viscosit¡ ' .  as wel l  as upper-mantle structure

Further constraints on the lower-mantlc viscosirr  fol lou'  f ronl  observat ions of
the global response to glacial  unloading. I t  can be shown (as discussed larer) thar
the glacial l ¡ '  induced t i rne dependence of ' the (- ' : ¡  potent ial  coeff ìc ient f ronr equa-
t ion (42) is relat ivel t ' insensit ive to t i le l i thospheric thickness and upper-mantle
viscositv and that the main dependence is on both the lower-mantle viscosit t ,  ancl
the ver) ' recent melt ing histon,of the ice sheets. The palaeo-sea-level data are not
vert 'sensit ive to this lat terpart .  but modern t ide-gauge recclrds are. so that a. iLrdi-
cious combination of observations can lead to a further separation of parameters.

These examples of the spatial and temporal variability, of the Earth's response
to glacial unloadin-e illustrate hou, it is possible to infer aspecrs of the mantle's
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Figure 10.5. Spatial variability in the difference in sea level predicted for two three-layer
Ea¡th models, each wirh a lithospheric thickness of 65 km and an upper-mantle viscosity
of 4 x l0l0 Pa. s. Their lower-mantle viscosities {¡6 âre 1022 and l02l Pa. s, respectively.
The predicted differences (high-¡ll, model minus low-4¡. model) are contoured in metres
tbr two epochs. at 18.000 and 6,000 e.p. The observational accuracy fbr 6,000 n.r. typically
is better than I m.

viscosity structure. The analysis, as sketched earlier, assumes that lateral variation

in viscosity is not important - an assumption that. in light of lateral variation in

other properties of the Earth, such as seismic shear-wave velocities, attenuation,

and surf'ace heat flow, may not be tenable.

10.3.3. An Example of Analysis of Sea'Level Change

Evidence for sea-level changes that are attributable to the glacial rebound of the

crust and to eustatic changes is most prevalent for coastal areas near the centres

of former glaciation over northern Europe and North America. One area where a

detailed analysis of such evidence has been made encompasses the British Isles and

the North Sea. Figure 10.6 illustrates some of the evidence collated for this region by

Lambeck ( 1993b). Near central Scotland, the interplay of the local glacio-isostatic

rebound and eustatic change is clearly evident, and the crustal subsidence due to

mantle flow primarily towards Scandinavia produces the characteristic curves for

southern England. Another important data base is provided by the spatial variation

in the position of shorelines, such as the Main Rock Platforms or the Main Post-

glacial Shoreline introduced earlier. In eastern Scotland, for example, the shoreline

features that have been identified all slope upwards from east to west (Sissons, i 983)

and point to the centre of rebound being over central or western Scotland from at

6000 BP
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Figure 10.6. Observed relative sea-ievel changes for some of the sites in En_eland, Scotland,
and Wales used in the analysis for Earth-model parameters. Note the use of different scales
for height and time.

least about 14,000 B.P. onwards. These observations can help to resolve one impor-
tant question about the former ice sheet: Did it. during the Last Glacial Maximum,
extend over the North Sea, as postulated by Denton and Hughes ( l98l ), such that the
British and Scandinavian ice sheets formed a single entity, with a thick ice ridge over
the North Sea, having a maximum ice thickness of more than 1,500 m? Rebound
models based on these maximum reconstructions predict Lateglacial shoreline gra-
dients over eastern Scotland that are much smaller than those actually observed,
or even of opposite sign for the oldest features, and therefore such ice models are
incompatible with the observational evidence. unless this ice bridee vanished much
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earlier than 18,000 B.P. These conclusions remain valid for a large range of plau-

sible Earth models, and the maximum-ice-sheet reconstructions in which the ice

extended over much of the continental shelves around the British lsles at the time of

the Last Glacial Maximum are inconsistent with the qualitative patterns of observed

sea-level change. Geomorphological evidence, fiom which it should be possible to

establish the ice limits over these shelves, is often inconclusive because of inade-
quate age constraints on glacial or periglacial features, and it is not always obvious
whether the features date from the last peak in glaciation or from an earlier one. In

developing new models for the ice sheet, the gross constraints from the preliminary

modelling have been imposed, and the geological and geomorphological indicators
have then been used to place.the ice limit at a particular location. For example, the
Earth-model-independent conclusion of no major ice over the North Sea is imposed
on the ice model, and the limits of the ice sheet at the time of maximum glaciation

are then placed at the W'ee Bankie Moraines, offshore from eastern Scotland, for
which independent, but not wholly conclusive, evidence suggests that they were
formed during the Last Glacial Maximum. Further details of this ice model have

been given by Lambeck (1993b, 1995c).
The other requirement to solve the sea-level equation is the construction of

models for the major ice sheets. The model for Fennoscandia is based on the ice-
retreat isochrons proposed by Andersen (1981), but without the extension of ice

over the North Sea, and with a reduction in ice over the Russian platform. This

model has been constrained by recent observations of Holocene shorelines, or an

absence thereof, by rebound modelling for the area of the Barents and Kara seas
(Lambeck, 1996a), and by a preliminary inversion of Scandinavian sea-level data

for the ice height. The maximum ice thick¡ess, centred over the Gulf of Bothnia,

was about 2,800 m. The ice model for North America and Greenland is derived from

the model of Peltier and Andrews (1976). [This model is preferred to some of the

subsequent models derived by Peltier and colleagues (e.g., Tushingham and Peltier,

1991) because it is less dependent of assumptions about the Earth's rheology.l The

Anta¡ctic ice model has been discussed previously (Nakada and Lambeck, 1988),

and its importance here is mainly to ensure that the total ice volume and the total rate

of addition of meltwater into the oceans are consistent with the adopted eustatic-

sea-level curve.

The equation relating the model unknowns to the observations is

A ( o ( 9 ,  À , ¡ )  +  e o ( o , ) " , t ) :  L Ç ' G )  +  6 ç " ( t )  +  þ L ç B ' { @ , L , t )  +  L ç r f  @ , ) , , t )

: Afpredicred

where

Â(o : observed sea level, reduced to mean sea level, at location (0, À)

and time t, with a standard deviation of o

to : âssurngd observational error

(43)
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LÇ' :eustatic-sea-level function for the combined ice sheets

õç' : correction term to Açe

þ : scale par¿Imeter for the British ice sheet
A(Bt: predicted deformational contributions to sea-level change from the

ice load and water load of the British ice sheet for specifred
Eanh-model parameters

Altr : predicted deformational contributions from the more distant
(far-freld) ice sheets of Fennoscandia, Laurentia, Barents, and

Antarctica

Equation (43) is solved for the rheological parameters (the lithospheric thickness 11¡

and the effective viscosities 4¡ of the i mantle layers), the ice-height scale parameter,

and the corrective function 6Çe to the eustatic-sea-level curve. This last term is also

subject to the condition that the corrected eustatic function must be consistent with

estimates derived from other regions. An iterative procedure has been adopted, as

discussed by Lambeck (1993b) and Lambeck et al. (1996), in which for each Earth

model /c, defined within a large parameter space K, the corresponding B and 6Ç'

are estimated according to the requirement that the variance function

(44)

be a local minimum. M, the total number of observations, each of standa¡d deviation

6^,is 424 in this case. A systematic search is then conducted through the Earth-

model space k- 1, ..., K to find the overall minimum variance. The expected

value for E¡ is unity. Figure 10.7 illustrates some typical results for a three-layer

model defined by a lithosphere of thickness Ht and a two-layered mantle, with

an upper-mantle (above 670 km) viscosity 4u. and a lower-mantle viscosity 4¡n'.

The results are illustrated here in 4u,n- 4tm space for Hy: 65 km, but the actual

search is conducted through a range of I/¡ values. These results correspond to a

,-: iÐ,|Lçl. - al#"¿i",.012
o ^ )

ITPI

H = 6 5 k m

tG0
t ( P r 2 3 5 : - l G : 2 3 5 ' l l 0 ¿ 3

Lower ma¡tle viscositY (Pa s)

Figure 10.7. Minimum-variance function I¡ for the three-layer models with a lithospheric

thickness of 65 km, with the eustatic correction term ðÇ" in equation (43) set to zero.
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Figure 10.8. Minimum-va¡iance tunction X¿ tbr the three-layer models with 41* : lQzz
Pa.s. The solutions include the eustatic correction term ðÇ" in equation (43). The region
outside the space defined by the points marked a-d yields solutions for the eustatic sea-
level correction that are inconsistent with analyses of the sea-level evidence from ia¡-field
locations.

solution in which the correction ô(¿ is not included. The minimum variance occurs

when 41* Z rc22 Pa . s, as is also the case for other values for Hr in the range

30 . Hl < 120 km. Although the resolving power for 4¡. is low, the results a¡e

consistent with those from similar analyses for other parts of the world that point

to an average lower-mantle viscosity significantly higher than the average value

for the mantle above a depth of 670 km (Lambeck and Nakada, 1990; Lambeck,

1993c). Figure 10.8 shows further results'for models with 41,,, : IO22 Pa ' s for

the full solution of equation (43) (including the corrective term ðfe). Solutions

beyond the domain of parameter space, enclosed by the points marked a-d, require

eustatic corrections 8Ce that a¡e inconsistent with evidence from other regions, and

the optimum three-layer solution is defined by

Ä- 65-70km

4um r 4-5 x 1020 Pa . s

41* I 1022 Pa. s

with X¿ : 1.90. Earth models in which the upper-mantle viscosity is stratified give

a somewhat smaller overall minimum variance, and the solution that best satisfies
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the observational data is defined by (Lambeck et al., 1996)

55 < H < 60km
(2 < nz < 4) x 1020 Pa. s for (I{ < H <200) km
( 4 < q z  < 6 )  x  1 0 2 0 P a . s f o r ( 2 0 0  <  H  < 4 0 0 ) k m (46)

4c - 2 x 1021 Pa.s for (400 < 11 < 670) km

nmZl022 Pa ' s for (670 < Il < ¡lcMB) km

with Ð¿: 1.35. The solution (46) conesponds to a five-layer model in which vis-
cosity contrasts are permitted at depths of 200, 400, and 670 km. The current
inversion is constrained by the assumptions that 42 < Tß < 4+ < 4tm and that no
other minima develop with a smaller overall variance outside of the limits 3 x
l01e < (nz, qt ,  nù <5x1021 Pa. s,  1021 < Tlm < 1023Pa.s,and 30 < Hy< 120km.
For nearly all predictive purposes regarding sea-level change or shoreline evolu-
tion, there is little difference between the two solurions (45) and (46), and both
provide very satisfactory agreement between prediction and observation at most of
the sites. These mantle parameters are effective parameters in that they describe
the response of the planet to surface loading on timescales of the order of lOa
years, with stress differences of the order of 10 MPa, based on the assumption of
a Maxwell rheology. Models with a viscosity inversion, other than at the base of
the lithosphere, have not been examined. Also, the models used here are based
on the assumption that the phase bpundaries at depths of 400 and 670 km (e.g.,
Jackson and Rigden, Chapter 9, this volume) migrate with the displacement fields
at these depths. But models in which the phase boundary remains an isobaric sur-
face (Johnston et al., 1997) produce essentially'the same results, except that the
value for the p parameter corresponding to the least-variance solution is reduced
by about 107o. Although there is a suggestion in solution (46) of a viscosity gra-
dient from the base of the effective lithosphere to a depth of 400 km, the evidence
is not compelling. In particular, a low-viscosity channel immediately beneath the
base of the lithosphere is not required by the observations. The solurions do ap-
pear to favour models in which the viscosity of the transition zone is greater than
that of the uppermost mantle by a factor of perhaps 3 or 4, but it remains to be
determined whether or not similar analysis for longer-wavelength loads will re-
quire the same trend. The further increase in viscosity across the 670-km boundary
does appear to be a robust feature of the analysis. However. the resolving power
for that region of the mantle is poor, and no attempt has been made to determine
whether or not there is any structure in the viscosity below this boundary. But.
as suggested by findings such as those illustrated in Figure 10.5. the larger ice
sheets do stress the lower mantle and mav orovide further constraints on the mantle
structure.

An important aspect of these findings is that they demonstrate the trade-offs
amon¡I the upper-mantle parameters. If in the three-layer models. for example,
the lithospheric thickness is fixed at a relatively large value of, say. 100 km, the
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estimate t'or the upper-mantle viscosity is increased to about 1021 Pa ' s, but if a
thinner lithosphere is imposed, the estimate for the viscosity is reduced to about
2 x l0z0 Pa . s. Because an observational record from the formerly gtaciated regions
exists only for the post-glacial stage, models with large I{ (small initial deflection)
and high 4u* (slow relaxation) produce rebound curves for the post-glacial stage

similar to (but not identical with) those for models with small I{ (large initial
deflection) and low 4u* (rapid relaxation) (Lambeck et al., 1996). But eitherestimate
represents only a local minimum-variance solution, and the results illustrate well

the need to conduct the search throughout the entire parameter space defined by

Hr and the 4¡. The trade-offs among the parameters become more pronounced
when models with greater depth dependence of viscosity in the upper mantle are

considered - to the extent that if a very low value for 11¡ is imposed on the model,
the solution will favour a low-viscosiry channel immediately below the lithosphere.

[This trade-off is also seen to a minor degree between the different F{ and viscosiry
values found fbr the three- and five-layer model results, (45) and (46).1 Using an

inverse-theory approach. Mitrovica ( 1996) also demonstrated the trade-offbetween

upper- and lower-mantle viscosities.

These trade-offs may explain, in part, some of the differences in the published

estimates for the mantle viscosity. In the work by Fjeldskaar (1994), for example,

the lithosphere is assumed to be relatively thin (<50 km), and this leads to models
with low viscosity in the upper most mantle. Applying equation (43) to a four-layer
model with a 30-km-thick lithosphere (layer I), a low-viscosity channel down to a

depth of 150 km (layer 2), and the remaining upper mantle with a uniform viscosity
(layer 3), we find viscosities of about 5 x l0le Pa . s for the second layer and

2 x l02r Pa. s fbr layer 3. But the variance factor is about50Vo greater than that

fbr the optimum three-layer solution discussed earlier. Ii on the other hand, a thick

lithosphere is imposed on the model, of say 100-120 km, as in the recent models

by Peltier and colleagues (Tushingham and Peltier, 1991; Mitrovica and Peltier,

1993), then the solution leads to an overestimation of the upper-mantle viscosity

and to models in which the contrast between upper- and lower-mantle values is less

than that found here. But again, such solutions represent only local minima within

the iarger Earth-model parameter domain created when the lithospheric thickness

is properly treated as an unknown (Mitrovica, 1996).

10.4. Changes in the Earth's Gravitational Potential

Information on the mantle's viscosity is also contained in the time dependence of

some of the very long wavelength components of the Earth's gravitational potential

caused by the changing mass distribution on and within the Eanh. This is con-

veniently expressed through the time dependence of the Stokes coefftcients em,

equation (42). The most direct measure of such dependence for some of the zonal

coefficients is through analysis of the pernrrbations in the motions of near-Earth
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satellites resulting from the changing gravitational potential, as first noted by Yoder
et al. (1983) and Rubincam (1984).

The motion of a near-Earth satellite is determined primarily by the gravitational
force, whose potential, defined in an Earth-fixed reference frame with one axis
parallel to the rotation axis, is given by equation (40). For a body in which the
density distribution is a function of radial distance only, all the Stokes coefficients
vanish, and in the absence of other forces, the satellite motion is Keplerian. Viewed
from space, the orbit's orientation, shape, and size remain ûxed, and the only time-
dependent behaviour is the periodic motion of the satellite along its trajectory and the
lotation of the Earth beneath the orbit. The gravitational attraction of any departures
from this spherical symmetry, howeve¡ will perturb this idealized motion. Both the
orientation and shape of the orbit undergo cyclìc and secular changes, and it can
be shown that each Stokes coefficient induces a characteristic pernrrbation into the
satellite motion (Kaula, 1966; Lambeck, 1988). The precise tracking of the satellite
then provides a measure of the spectrum of these pernrrbations, from which the
Stokes coefñcients and the gravitational potential can be infened. The majority of
the pernrrbations are small and periodic, but secular changes in the orbit's orientation
occur in response to the terms of even degree and zero order, of which the n : 2
term is most important. These are the zonal (m : 0) Stokes coefficients of even
degree. For these teûns, the orbit, inter alia, precesses in space about the Earth's
rotation axis such that the intersection of the plane of the orbit with the equatorial
plane moves at a linear rate along the equator. Introducing the usual Keplerian
elements (Figure 10.9), the principal observational consequence of these even Õ,6
terms is a secular variation in the angle Q, the longitude of the ascending node,
given by (e.g., Lambeck, 1988)

oc

Ö : I N,, (a, e, I)e ,,s,
n = 2

n even

where the N,, are functions of a (the semi-major axis), e (the eccentricity), and
/ (the inclination of the orbit). Separation of these zonal Stokes coefficients can
be achieved through observations of the secular rates for satellites with orbits of
different shapes and inclinations.

If the Stokes coefficients are time-dependent because of the redistribution of
mass on and within the Earth, then the lonsitude of the ascendins node will exhibit
an acceleration

52 :  )  N, (a.  e,  I  )C"6
n - a

n even

(The orbital elements a, e, and 1 relate to the energy and angular momentum of
the orbital motion and do not undergo secular change in a conservative system.)
Observations of the acceleration of the node for a number of satellites with dif-
ferent orbital parameters can therefore permit, in prihciple, estimation of the time

(47)

(48)
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x3

Figure t0.9. Orbital geometry for a near-Earth satellite. The X¡ X2 axes lie in the Earth's
equatorial plane, and the X3 axis conesponds to the Earth's rotation axis. The orbital plane
intersects the equatorial plane along the line of nodes. The orientation of the orbital plane
in space is defined by the inclination 1 of this plane to the equatorial plane and by the
angle between the line of nodes and the X¡ axis, the longitude of the ascending node Q.
The orientation of the orbit wirhin this plane is deûned by the argument of perigee, crl, rhe
angie between the node and perigee. The shape of the orbit is defined by the eccentricity,
e . and the semi-major axis, a. The position of the satellite in its orbit is specified by the
an-ele l'. These six elements ct. e, I , ¿¿. O, and / defìne the orbit and satellite position in the
inertial frame X¡. For Keplerian motion. all elements, with the exception of /, are constant.

dependence of the even-degree zonal coefficients in the expansion of the Earth's

,gravitational potential.

Several processes contribute to the time dependence of the gravitational potential.
Foremost are the tidal deformations of the Earth. Though primarily diurnal and sub-
diurnal, long-period zonal tides also occur, with periods up to about l9 years, so that
the C2s coefficient is time-dependent, and the longitude of the node can be expected
to exhibit long-period oscillations from this source. Seasonal redistributions of mass
within the hydrosphere-atmosphere also contribute to periodic changes in the zonal
potential coeff,cients (Gegout and Cazenave, 1993). But the contribution of interest
here is the change [equation (42)] associated with the deglaciation and concomitant
redistribution of mass within and on the Earth.

To understand the glacially induced rate ofchange ofthe second-degree zonal co-
efficient (Czo), the effects of the ice sheets and the effects of the associated sea-level

491
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changes are examined separately. Because of the distribution of the continents, and
in particular because Antarctica occupies the South Pole, a uniform lowering of
sea level removes more mass from the equatorial regions than from polar regions
and, for a rigid-Earth model, leads to an increase in e zo (Õzo is a negative quantity,
as the transport away from the equator decreases the planet's flattening). Also, the
formation of polar ice caps on this rigid-earth model moves mass to high latitudes
and further increase ð26. For a yielding-earth model, after the formation of ice caps,
mantle material flows away from beneath the iceloaded polar regions to lower lati-
tudes, and the ð26 coefficient now decreases and acts in opposition to the initial con-
tribution from the shift in the surface load. Mantle flow resulting from the unloading
of the ocean lithosphere by the decreased water load further decreases Õ26. when
the ice is removed, Õ2s initially decreases because of the surface transport of mass
from high latitudes to middle and low latitudes and then increases again in response
to the mantle flow. The magnitude of the response to the formation of the ice sheets
is about 10 times the response to the change in sea level, because the ice distribution
is much more strongly concentrated near the poles, as compared with the almost
uniform distribution of oceans (Mirovica and Peltie¡ 1993). Therefore, calcula-
tions that neglect the change in sea level (e.g., Rubincam, 1984) are not committing
elrors that will significantly affect their conclusions concerning mantle viscosity.

Although the acceleration of a node of a satellite (Ö) is influenced by all of the
even-degree Õ¡6 terïns in equation (48), an effective value for e 2s canbe obtained
from Ö by dividing it by Ñ2, in effect neglecting all terms of degree greater than}
in equation (48), assuming them to be much smaller than ñ ze zo. However, because
the coefficients Ñn can be computed with great precision, it is more logical to predict
all of the Õ16 tenns for a particular post-glacial-rebound model, to compure the
total post-glacial-rebound effect on the satellite orbits, and to compare this directly
with the observed acceleration of the node. The orbital parameters, the observed
values for o and Ö, and the frrst four values for ñ,, for the LAGEOS and Starlette
satellites are shown in Table 10.1. Because the second-degree term dominates in
the expression for Q, and czo is negative, the sign of the angular velocity of the
node is opposite that for Ñ2, whose sign is governed by the inclination of the orbit.

As for observations of the present-day rate of change in sea level. the satellite
observaìions of Ö correspond io tt,. pr"r"nt epoch, iong after the main deglaciation
event has been completed, and a potentially important contribution to this accel-
eration arises from any presenr-day changes in ice volume (e.g.. Peltier, 1988).
As discussed earlier, the geological evidence for sea-ievel change points to there
having been a continuing but small reduction in ice volume after the cessation of
the main phase of deglaciation, although whether or not that has conrinued up to
the present day has not been determined. Direct evidence for deglaciation of the
present-day remnant ice sheets of Greenland and Antarctica is equivocal, but other
evidence points to a reduction in mountain glaciers. over this century at a rate that
is sufficient to raise the sea level by about 0.5 t 0.3 mm/yr (Meier, lg84), and this
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Table 10. l. Orbital parameters J'or LAGEOS I and Starlette

Property LAGEOS Starlette

Semi-major axis (km) 12,270 
'7,340

Eccentricity 0.004 0.021
Inclination (degrees) 109.9 49.8
Q (rad .  s-r)  6.929 x t0-8 - i .965 x l0-7
ö (rad . s-2) -5.3 t 0.6 x 10-23 6.8 t 0.7 x t0-22
ñz(s-r)  -1.425 x to-a 1.639 x to-3
ñ+(s-r)  -7.083 x lo-5 8.680 x to-s
Ño(s-r)  -1.823 x lo-5 -1.459 x lo-3
l /s(s-r)  - l  .547 x 10-6 -4.482 x 10-a

can be expected to make a contribution to C2s and Ö. [See Lambeck (1980) for
the analogous problem of the contribution of this change in mountain glaciation to
the change in length-of-day.l Analysis of tide-gauge records suggests that globally
the sea level may have been rising at a rate of about 1.0-1.5 mm/yr for the past
century and that the rate may have been as high as 2.0-2.5 mm/yr for the past

t'ew decades (e.g., Gornitz, Lebedeff, and Hansen, 1982; Barnett, 1984; Emery and
Aubrey, l99l : Nakiboglu and Lambeck, 1991). Thus, in an analysis of the observed
Ö for mantle viscosity, the potential contribution from present-day glacial melting
must be considered as well.

The procedure employed fbr estimating Earth-model parameters that are con-
sistent with the observations of Ö is similar to that used for analysis of data on
past sea-level changes. The ice model. in the first instance, is assumed known and
includes the ice-growth stage of the glacial cycle. The Earth models k (see Sec-
tion 10.3.3) are defined by a set of parameters (in the space K) describing the
viscous properties for the mantle, and for each Earth model the accelerations Ö
are predicted for the two satellites. The model-parameter space that is consistent
with the observed values for Ö is then identified. To allow for contributions tiom
any present-day melting of the continent-based ice sheets, the ice model includes
recent melting in which the source of the meltwater can be specified to be Green-
land, Antarctica, mountain glaciers, or any combination of these potential source
regions. Satisfactory solutions a¡e those that give the same values for the earth- and
ice-model parameters as estimated from each of the two satellite orbits.

Tests have shown that the assumption of incompressibility of the mantle is not
important for the predicted accelerations, and this assumption is made here for
computational convenience. The ice model corresponds to the global model used in
the preceding section, with the incorporation of a small amount of recent or ongoing
melting of selected parts of the ice sheets. Initial tests of the ice model without recent
melting indicated that the predicted Ö is not sensitive to the choice of lithospheric
thickness, in accordance with earlier analyses by Peltier ( 1985). This arises because
the principal contributions to Ö come from the low-degree terms in the gravitational
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potential with spatial wavelengths that a¡e much greater than the thickness of the
lithosphere. Thus, a value of 80 km is adopted, consistent with the value found from
sea-level analyses for different parts of the world. The Earth parameter space ex-
plored is similar to that used for the sea-level analysis in Section 10.3.3. For the same
reason that the dependence of Ö on üthospheric thickness is weak, the dependence
on upper-mantle viscosity is also weak (Figure 10.10a). Hence, only three-layer
mantle models are considered, with the mid-mantle boundary at 670 km depth.

(a)

ê

o  ? r  <

20.5

lo9¡6 r¡r. (Pa s)

20.5

Io9¡6 r¡r, (Pa s)

21.0 2r .0

(c)
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20.0 20.5

log¡6 r¡r- (Pa s)

Figure 10.10. Predictions of the acceleration (units of l0-?i s-2¡ of the node Ö for the
LAGEOS orbit as a function of mantle viscosity due to (a) the late Pleistocene and early
Holocene -elacial cycies, with no deglaciation after 6.000 e.p.. (b) uniform melting of
continent-based ice for the past 6.000 years ín Antarctica and Greenland. in the ratio 2: 1,
such that the eustatic sea-level rise has been 0.5 mm/yr for that period, (c) uniform melt-
ing of polar ice at a rate of 0.5 mm/yr for the past 50 years, with contributions from both
hemispheres, in the same ratio as in part b.
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Figure t0.lOa illustrates the predicted Ö for the LAGEOS satellite as a function of
upper-mantle viscosity (the horizontal axis) and lower-mantle viscosity (the vertical
axis), and the near-horizontal nature ofthe contours ofconstant Ö indicate the weak
dependence on upper-mantle viscosity. Of note is that in the absence of any glacial
melting afier 6,000 8.p., the observed value for Ö (taUle l0.l) implies a viscosiry
close to the classical value inferred from Fennoscandian uplift observations, by
Haskell (1937) and others, ofabout 1021 Pa. s (the shaded area in Figure 10.10a).
This agrees with inferences by, for example, Rubincam (1984) and Yuen et al.
( 1982), although slightly higher estimates have been obtained by Peltier (1986) and
Yuen and Sabadini (1984). The assumption that the 670-km seismic discontinuity
is also a viscosity boundary is based partly on the observation that this boundary
provides a partial barrier to subducting slabs in the mantle, as shown by seismic
tomographic images (e.g., Kennett and van der Hilst, Chapter 8, this volume), and
also on the possibility that changes in mineralogy across the 670-km boundary may
produce changes in viscosity (e.g., Drury and Fitz Gerald, Chapter 11, this volume).

lf the viscosity boundary is assumed to be deeper, and the viscosity of the mantle
above it is fixed at l02l Pa . s, a larger viscosiry contrast is inferred (Yuen and
Sabadini. 1984: Peltier and Jiang, 1996). Howeveç unique solutions for the lower-
mantle structure âre not possible from these data alone, and the subsequent analysis
is restricted to the limited class of Earth models already described, with particular

emphasis on the effects of recent glacial history on the predicted values tbr Ö.
Figures 10. l0b and 10. l0c illustrate the contribution to Ö for two different mod-

els of the late Holocene melting of continent-based ice from both Greenland and
Antarctica. In the first model (Figure 10.l0b), ice-sheet decay occurs linearly over
the past 6,000 years, so as to contribute 0.5 mm/yr to the eustatic sea-level rise, with
the Greenland and Antarctic contributions arbitrarily assumed to be in the ratio 1 : 2.
In the second model (Figure l0.l0c), the melting occurs only for the past 50 years,

at a rate suffrcient to raise eustatic sea level by 0.5 mm/yr for this interval, again with
the Greenland and Antarctic contributions in the ratio I : 2. Comparison of the three
results illustrates the opposing effects of the essentially instantaneous response to
melting (Figure 10.10c) and the subsequent mantle relaxation, with the magnirudes
for Ö beíng less in model I (Figure 10. I 0b) than in model 2 (Figure 10. 10c), despite
the present-day rate of melting being the same in both cases.

The magnitude of the change Ö for the recent melting (Figure 10.10c), when
compared with the response to the earlier melting (Figure 10.10a), shows the im-
portance of the former and suggests that observations of Ö could be used as indica-
tors of recent change in the continent-based ice volumes, provided that the mantle
rheology can be determined independently from the palaeo-sea-level record and
that the models of past melting, including any change to the ice sheets since the

end of the principal deglaciation phase, are sufficiently well known. Otherwise, the
inversion of the satellite data for the present-day sea-level rise remains inherently
nonunique.
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Figure i 0. 1 1 . Predicted rates ofpresent-day sea-level change (mÍ/yr) as functions of upper-
and lower-mantle viscosities inferred from the observed accelerations of the nodes of the
satellites LAGEOS and Starlette, (These predictions include the 0.5 mm/yr f¡om the late
Holocene melting.) For the preferred upper-mantle viscosity of 4-5 x 1020 Pa . s and a
lower-mantle viscosity of 1022 Pa . s, both datasets indicate a consistent recent sea-level
rise of about 1.5 mm/yr.

Whether or not the results from the present analysis of the palaeo-records of sea-
level change are adequate for estimating the present-day rate of sea-level change
perhaps can best be determined by performing the analysis. Figure 10.1l(left)
illustrates the total rate of present-day melting as a function of the Earth model used,
and expressed in terms of equivalent rate of sea-level rise, required to explain the
difference between the observed value for the LAGEOS satellite and the predicted
value, where the latter is based on the two contributions illustrated in Figures l0.l0a
and 10. 10b. If the viscosity model favoured by the palaeo-sea-level data is adopted
(4r,  = IOt ' ,qu -  4-5 x 1020 Pa's),  then thepresent-day sea-level r iseis about 1.5
mm/yr. a rate that would be representative of the past two decades, for which satellite
data are available, and also is consistent with estimates from tide-gauge records.
The predicted sea-level rise for this earth-model inferred from the Starlette satellite
is consistent with the LAGEOS estimate (Figure 10.11, right). If a lower-mantle
viscosity of 10ll Pa . s were adopted, then the two estimates for the present-day
rise would be inconsistent - a totai of about 0.5 mm/yr for LAGEOS and 0.2 mm/yr
for Starlette. Both estimates are si_9nificantl1, less than the global rise in sea level
inferred from tide-gauge data, particularly from the records for the past two or three
decades.

10.5. Conclusions

The melting of the last great ice sheets of the Late Pleistocene left a number of traces
in the geological record that-can provide insight inro the Earth's response to the
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chan-sing surfäce loads of ice and water. Of these, the positions of past shorelines
above or below their presenrday levels are most important. Inversions of such
observations for mantle parameters are not, however, independent of assumptions
made about the melting models, and further progress in understanding the waxing
and waning of the ice sheets is essential if improved and unambiguous solutions
for mantle viscosity are to be found. However, because of the very considerable
temporal and spatial va¡iation in the global pattern of sea-level change, some sep-
aration of parameters can be achieved for the better-constrained ice sheets, such as
those over nofihlvestern Europe. Here, the evidence concerning sea-level change
along continental margins far from the former ice margins points to a viscosity for
the mantle that exhibits some considerable depth dependence.

An important aspect of the solutions reported here is that considerable trade-off
can occur between parameters that describe the mantle response - for example,
between upper-mantle viscosity and lithospheric thickness. Thus. unless rhe search
tbr appropriate parameters is conducted through a large model-paramerer space,
the resultin-q solurions may not be the most appropriate, even though they may
lead to a plausible description of some of the associated deglaciation phenomena.
Figure 10. l2 illustrates the preferred three-layer model, based on ( I ) rhe foregoing
analysis of the glacial rebound in Great Britain, where the findings constrain mostly
the upper-mantle structure, (2) a preliminary analysis of the glacial rebound in
Fennoscandia (Lambeck, Johnsron. and Nakada, 1990; Lambeck, 1993c), and (3)
an analysis of sea-level changes in the Australasian region (Lambeck and Nakada,
1990). The most robust feature of this solution is that rhe average lower manrle
has a higher viscosity than that of the upper manrle by a factor of perhaps 20 to
30, and there is some preliminary evidence that the viscosity of the upper mantle
may be laterally variable (Nakada and Lambeck, l99l). This latter inference is
based on analysis of rebound parameters suggesting that the viscosity of the upper
mantle exhibits a spatial variation that is consistent with the global-scale variation
in seismic wave attenuation and shear-wave velocity. But the findings at this stage
are more suggestive of further directions for research, rather than articles of faith.

some radial structure within rhe upper-mantle viscosity is suggested by anaiy-
sis of the observational evidence from the British Isles, with the possibility rhat
the transition zone berween about 400 and 670 km may have a viscosity in-
termediate between that of the uppermost mantle and that of the region below
670 km (the five-layer model illustrated in Figure lo.l2). Further analyses of
intermediate-size ice sheets, such as that over Scandinavia, will be required to
determine whether or not this is a necessary feature of the mantle in northwestern
Europe as a whole.

One of the suggestions drawn from the palaeo-sea-level observations is that
melting of the ice sheets may not have ceased at 6,000 s.p. and that eustatic sea
level may have continued to rise, by 2-3 m over the past 6,000 years. Analyses of
recent rebound or sea-level changes should therefore include the possibility that ice
and ocean volumes have not been constant, as is indeed indicated by the measured
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Figure 10.12. Pa¡ametrized viscosity structure for the mantle. The optimum five-layer
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on the right is consistent with these data as well as with the Scandinavian evidence. The dif-
ferent lithospheric thicknesses for the two models reflect the trade-offs that occur between
this parameter and the upper-mantle viscosiry.

rates of present-day sea-level rise of 1-2 mrn/yr. The recently inferred change in
thp Earth's dynamical flattening, the Czo coefficient, is particulariy sensitive to the
recent melting history of the ice sheets. and the analysis of this coefficient for mantle
viscosity should include. as unknown, any very recent changes in ocean and ice
volumes. When this is done, the findings regarding lower-mantle viscosity appear
to be consistent with both the palaeo-sea-level evidence and with the analyses of
tide-gauge records showing a global rise of about 1.5 mm/yr.

Although a consistent picture of the mantle's viscosity is beginning to emerge.
much remains to be done before any findings can be said to be definitive. Improved
ice models. independent of assumptions about the Earth's rheology, are necessary.
particularly for the North American ice sheet (e.g.. Fulton. 1989) (for which our
models are less well consuained than for the case of northwestern Europe) and
for Antarctica (where maior.uncertainties remain about the limits of the ice sheet
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during the Last Glacial Maximum). Improved glacial-rebound observations are
also desirable. particularly further back in time, so as to constrain the early part of
the rebound history, which is much more sensitive to Earth-model parameters and
which offers a better separation of these parameters than does the essentially post-

,elacial record culrently available. Improved geodetic data, including observations
of the acceleration of the orbital nodes of satellites and the present-day rates of
crustal rebound, will also lead to improved solutions. But despite the expressed
reservations about the current state of knowledge, the picture that has emerged is
sufficiently consistent to be able to use the outcomes from the models in different
spheres of Earth-science research, whether it be in using the models to infer from
sea-level records the ice-sheet limitations and thicknesses for poorly known ice
domes, such as that over the Barents-Kara region (Lambeck, 1995b), or to estimate
rates of tectonic uplift of coastal environments, as in the Aegean Sea (Lambeck,
I 995a), or to predict the evolution ofshorelines in areas ofpre-historical significance
(Lambeck. 1996b).
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