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Abstract

G.E. Williams' observations on Late Precambrian glaciogenic sequences pose some major challenges to the
understanding of the dynamical evolution of the Earth's orbit and spin that have not yet been adequately addressed. In
this paper, we investigate whether dissipative core^mantle coupling is an effective mechanism for reducing the obliquity
by such a large amount as suggested by Williams [G.E. Williams, Earth Sci. Rev. 112 (1993) 1^45], and we examine the
relationship between the obliquity and spin rate in the presence of such coupling. We show that this mechanism not only
cannot explain the rapid and substantial decrease in obliquity, but also that such a decrease is in contradiction with
existing paleorotation evidence for the same period, thus confirming the previous findings of Nëron de Surgy and
Laskar [O. Nëron de Surgy, J. Laskar, Astron. Astrophys. 318 (1997) 975^989]. ß 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction

There is ample geological evidence attesting the
existence of an important interval of severe glaci-
ation in the Late Precambrian, about 750 þ 200
Ma (e.g. [1]). This glaciation has been considered
one of the major climatic events of the Earth's
history. It has been called the `paradoxical Late
Proterozoic glaciation' by Williams [2], because of
the presence of glaciogenic sequences near sea lev-
el at subtropical or near-equatorial paleolatitudes.

The so-called Cambrian explosion of marine fau-
nas occurred about 50 million years after the last
of the global glaciations, and it has been sug-
gested that the climatic amelioration may have
been conducive to the proliferation of living crea-
tures (e.g. [1]).

If there is general agreement on the existence of
the Late Precambrian glaciation, there is, how-
ever, a current controversy on its geographical
extent. On the one hand, Williams and his co-
workers found no evidence of glaciation at high
paleolatitudes, but collected a number of paleocli-
matic indicators in several regions of the Earth
that point to subtropical glaciation and high sea-
sonal temperature contrast (e.g. [3]). These in-

0012-821X / 99 / $ ^ see front matter ß 1999 Elsevier Science B.V. All rights reserved.
PII: S 0 0 1 2 - 8 2 1 X ( 9 9 ) 0 0 2 4 9 - 6

* Corresponding author. E-mail: pais@ipgp.jussieu.fr

EPSL 5292 10-12-99

Earth and Planetary Science Letters 174 (1999) 155^171

www.elsevier.com/locate/epsl



clude: tillites near sea level intimately associated
with evaporites and carbonates deposited in warm
peritidal waters, as well as banded-iron forma-
tions; cryoturbation structures linked to freezing
and thawing cycles in a periglacial climate; sand-
stone wedges similar to the sand wedges formed
by repeated seasonal expansion and contraction
of permafrost in present-day periglacial environ-
ment (e.g. [2,4]). On the other hand, it has been
proposed that the glaciation a¡ected the whole
planet, leading to a `snowball Earth' (e.g. [5,6]),
or even that the glaciation had been con¢ned to
latitudes higher than 25³, in e¡ect largely elimi-
nating the paradox [7]. The controversy is mainly
centered on the interpretation of paleomagnetic
measurements and it is not our purpose to discuss
this in the present paper. Rather, in the frame-
work of Williams' observations, we will discuss
the intriguing idea he put forward that the com-
bination of low-latitude glaciation and high sea-
sonal temperature contrast was due to the Earth's
obliquity being higher than 54³ (e.g. [2]) and that
a rapid decrease in this value subsequently oc-
curred.

The fundamental in£uence of the Earth's obliq-
uity on the terrestrial climate has been known
since the work of Milankovitch in 1941 who esti-
mated the amount of solar radiation received at
the top of the atmosphere as a function of the
Earth's orbital parameters. In support of his
theory, climatic cycles driven by the periodic £uc-
tuations of obliquity between 21.5³ and 24.5³ have
been identi¢ed in sedimentary data recording the
Quaternary and the Pre-Quaternary climate [8].
Nevertheless, major changes such as an inversion
of the climatic zonation would require a more
substantial increase in the Earth's obliquity than
that implied by the amplitude of this periodic os-
cillation. Milankovitch indeed showed that, for a
value of the obliquity As 54³, the equatorial re-
gions would receive less solar radiation than the
polar regions, and glaciation would occur prefer-
entially at low latitudes. Also, seasonal tempera-
ture contrasts would be ampli¢ed at low latitudes.
Williams proposes that the impact of a large body
on the primordial Earth may have been responsi-
ble for a high obliquity, at least A= 60³. This
would imply that the high obliquity persisted for

much of the history of the Earth and that large
seasonal contrasts were a feature of much of the
early Earth's history. The end of the glaciation, at
about the Precambrian^Cambrian boundary (550
Ma), would then have been correlated with a de-
crease of the obliquity to a value near the present
one, a decrease by more than 30³ between 650 and
430 Ma.

Williams concurrently determined the length-
of-day (l.o.d.) in the Late Precambrian by analyz-
ing the periodicities in tidal rhythmites (in the
Elatina and Reynella formations), deposited dur-
ing the Marinoan glaciation, in the Adelaide geo-
syncline, in Southern Australia [9]. The laminae of
the rhythmites are grouped in cycles of about 15
laminae, grouped in pairs of thin and thick cycles.
Williams explains the structure and periodicities
observed in the rhythmites in roughly the follow-
ing way: the sediments (¢ne sandstone and silt-
stone) forming the laminae were entrained by ebb-
tidal currents in tidal inlets and deposited in quiet
deep water. Each lamina thus corresponds to one
tide, thick and coarse for spring tides and thin
and clayey for neap tides. Each pair of cycles
corresponds to a lunar month of 29 or 30 lunar
days. Assuming that the ratio of the length of the
lunar day to that of a solar day was the same as
today, there were therefore 30^31 solar days in a
lunar month. Using a peak, interpreted as non-
tidal and annual, in the spectrum of the thick-
nesses of cycles, Williams ¢nds that, at the time
of the Late Precambrian glaciation, there were
13.1 þ 0.1 synodic lunar months per year, hence
400 þ 7 solar days of 21.9 þ 0.4 h, per year1. Nër-
on de Surgy and Laskar [10] pointed out that
there is an incompatibility between the modest
change in l.o.d. and the considerable change in
obliquity from the Late Precambrian to the
present.

These observations raise two dynamical ques-
tions: are the estimated periodicities consistent
with a high obliquity, and by what process has
the obliquity been reduced to its present value

1 J.L. Kirschvink has pointed out to us that if the Elatina
Formation was essentially on the equator [3] then there would
not be a single seasonal peak but two.
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of about 23.5³? These are the issues discussed in
this paper.

Aoki [11] was the ¢rst to suggest that dissipa-
tive core^mantle coupling as a result of di¡eren-
tial solid rotation between core and mantle could
be responsible for a secular change of the obliq-
uity of the Earth. In fact it has been known since
Poincarë's [12] study on the motion of an inviscid
£uid contained within a rotating ellipsoidal shell
that such a di¡erential motion must exist, driven
by the lunisolar precession of the Earth. At
present, much of the material relevant to this
problem is scattered in the works of di¡erent au-
thors, concerned with such various studies as the
theoretical analysis of the e¡ect of viscosity on the
£ow inside an elliptical cavity of a precessing rigid
body (e.g. [13^15]), the angular momentum ap-
proaches to the study of the dynamics of the
core^mantle precessing system (e.g. [11,16,17]),
or the large number of studies on precession^nu-
tational motion of the Earth (e.g. [18^21]). Often,
rigid-body approximations for the liquid core
were used, motivated by the almost solid rotation
solution obtained by Poincarë [12]. On di¡erent
occasions, however, these rigid-body models have
been shown to be misleading.

In Sections 2 and 3 we summarize the mecha-
nism of induction of core relative £ow by both
precession of the mantle and friction at the
core^mantle boundary. First, a complete and
self-consistent presentation is adopted, treating
the vectorial equations in an almost inertial pre-
cession frame and stating clearly the order of ap-
proximation of each result. Second, we isolate the
precession-driving force in the momentum equa-
tion for the £uid, and ¢nd the steady core £ow
solution that allows us to balance this term. This
requires the decomposition of the acceleration of
the so-called Poincarë £ow into a gradient and a
toroidal component, and leads to the observation
that, in the steady regime, the relative solid rota-
tion is a solution of an equation that involves
only the toroidal acceleration terms. One then re-
covers the well-known expressions for the relative
equatorial solid rotation of the core [12] or the
inertial pressure torque [17^19] and also, at a
higher order approximation, the less well-known
expressions for the derived perturbation of the

mantle state of rotation: the rate of secular var-
iation of the obliquity [17] and the Earth's accel-
eration rate [18]. The correlation between the time
variations of the two parameters provided by pa-
leo-observations, namely the Earth's spin rate and
the obliquity, is ¢nally obtained in a consistent
way, allowing in particular to estimate the contri-
bution of the core relative £ow.

In Section 4 we discuss Williams' paleo-obser-
vations, in the light of the most recent estimates
for the relevant Earth parameters: liquid core vis-
cosity and lower mantle conductivity.

2. First order estimates for the core £ow induced
by precession

2.1. Lunisolar precession torque

Let us denote y
!

P the lunisolar gravitational
torque on an axisymmetric Earth, averaged over
time (e.g. [22]) :

y
!

P � 3G
4
�CT3AT�sin 2A

MS

R3
S

�ML

R3
L

� �
ê3LÊ3

sin A

�1�

where AT and CT are the equatorial and axial
moments of inertia of the whole Earth, G is the
gravitational constant, and ê3 and Ê3 are unit
vectors along the axial ¢gure axis of the Earth
and the normal to the ecliptic, respectively (see
Fig. 1). The magnitude of this torque is deter-
mined by the lunar and solar masses (ML and
MS) and mean distances (RL and RS), and by
the Earth's oblateness (CT3AT) and obliquity A.
The in£uence of the orbital eccentricity of the
Earth and of the inclination of the Moon orbit
relative to the ecliptic plane have been ignored,
for simplicity (but see e.g. [23], for the complete
expression).

The conservation theorem for the Earth
time-averaged angular momentum implies
y
!

P � �dH
!

T=dt�I (subscript I is for inertial
frame), where H

!
T is the angular momentum of

the global Earth. Ignoring any deviation of the
axis of rotation of the Earth relative to its axis
of maximum momentum of inertia CT and the
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contributions from the mass movements of the
oceans, atmosphere and (for the time being) the
liquid core, the angular momentum H

!
TvCTg ê3

precesses in space (as eª3) with angular velocity 6
!

:

dHT
�!
dt

 !
I
� 6
!
LCTg ê3 � y

!
P: �2�

From comparison with Eq. 1, the expression of
the precession rate of the Earth's angular momen-
tum around the normal to the ecliptic (Fig. 1), to
zero-order approximation, is 6

!�0� � 36 �0�Ê3

and:

6 �0� � 6 Rr
3G
2

EdT

g
MS

R3
S

�ML

R3
L

� �
cos A �3�

where EdT = CT3AT/CT is the dynamical elliptic-
ity of the Earth. The perturbation to this expres-
sion due to the contribution of the relative £ow in
the liquid core will be estimated in Sections 2.3
and 3.2. Once ê3 and Ê3 have been introduced, a
reference frame F may be de¢ned with origin at
the geocenter and axes �ê1; ê2; e3�, by putting:

ê1 � ê3LÊ3

sin A
and ê2 � ê3L�ê3LÊ3�

sin A
�4�

[13,14,17]. Then, from Eq. 1:

y
!

P � CT6 Rg sin A ê1; �5�

that is, the lunisolar precession torque is attached
to F. Since Ê3 �3sin A ê2 � cos A ê3 is ¢xed in
space, the motion of F is solely due to the pre-
cession of ê3 around Ê3. Frame F, called the qua-
si-inertial precessing frame, is most useful, be-
cause it allows one to write the absolute time
variations of the di¡erent vectors as the sum of
a dominant part due to the rotation of F in space
and a small one due to time variations of these
vectors relative to F.

According to the simpli¢cations made, the mo-
tion of the mantle in absolute space is the combi-
nation of a rotation around its axial ¢gure axis ê3

with angular velocity g, and a precession of ê3 in
space with angular velocity 6

!
; the mantle angular

velocity relative to F is simply g!� g ê3. As the
axes �ê1; ê2� lie in the Earth equatorial plane, this
implies that they are principal axes for an axisym-
metric Earth and that some Earth-¢xed system of
equatorial axes �ê01; ê

0
2� will be intersecting them

with diurnal frequency g.

2.2. Flow induced by precession in an inviscid core

Let us consider an inviscid and homogeneous
£uid core that, at some position r!, has a velocity
¢eld u! relative to the mantle. In the mantle refer-
ence frame, rotating in absolute space with angu-
lar velocity g!m, the momentum equation for the
£uid of total velocity v!f � u!� g!mL r! is :

d u!
dt

� �
m
� dg!

dt

� �
m
L r!� 2g!mL u!

�g!mL�g!mL r!� � 3
1
b
9
!

p� 9
!
x �6�

where b is the supposedly uniform mass density
of the core, p is the pressure and x is the poten-
tial of the resultant external conservative forces
F
!

g � b9
!
x .

The total angular velocity of the precessing
mantle relative to the inertial system is
g!m � g!�6

!
. Now the rates of change of g!m

Fig. 1. Lunisolar precession of the Earth. The mean (wobble
is ignored) angular rotation vector g!� g ê3 describes a cir-
cular cone of amplitude A= 23³26P around the normal to the
ecliptic of unit vector Ê3. The period of a precession cycle is
presently TP = 2Z/6V2.57U104 yrs. (eª1, eª2, eª3) de¢ne the al-
most inertial precession frame. The point at which eª1 inter-
sects the ecliptic plane is the vernal equinox, and it rotates
around Ê3 at the precession rate 6.
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in the mantle reference frame and in the precess-
ing frame are related through �dg!m=dt�m �
�dg!m=dt�F � g!mLg!, and since dg=dt, d6 =dt,
dA=dt = 0, then g!m is stationary in frame F and
�dg!m=dt�m � 6Lg!. Then, from Eq. 6:

d u!
dt

� �
m
� 2g!mL u!� g!mL�g!mL r!� �

39
!
23�6!Lg!�L r! �7�

where 2 � �p=b �3x is an e¡ective pressure per
unit mass. Due to the fact that the centrifugal
acceleration term g!mL�g!mL r!� may be written
as a pure gradient 31

29
!
Mg!mL r!M2, a pressure

term can balance the gravitational and centrifugal
joint e¡ect for u!� 0. However, some relative
£ow u! is required to balance the ¢ctitious force
3�6!Lg!�L r! (called Poincarë force by Malkus
[24] ; it is in fact an acceleration term when treated
in the inertial frame I), which is a purely toroidal
term (see Appendix A) and, as a result, no part of
which can be written as a gradient. The £ow u!
must further be a solution of the incompressibility
equation 9

!
W u!� 0 and satisfy the inviscid boun-

dary condition n̂W u!� 0 on the core^mantle boun-
dary (CMB) whose outward normal is n̂ and
equation is x2 � y2=a2 � z2=c2 � 1 (ignoring high-
er order terms of topography), where a and c are
the semi-major and semi-minor axes of the oblate
spheroid, respectively.

Poincarë [12] looked for a solution of uniform
vorticity to satisfy the above equations. Hocking
[25] showed that when starting from an initial
state for which the liquid core and the mantle
rotate together with angular velocity g!, the Poin-
carë (uniform vorticity) mode will be excited as
soon as the mantle angular velocity su¡ers a sud-
den perturbation 6

!
.

Introducing the geometrical ellipticity parame-
ter e1 � a3c=a, the Poincarë relative £ow u! can
be decomposed into a main body rotation com-
ponent of angular velocity N

!
and a potential £ow

component of order O�e1N � :
u!vN
!
L r!3e19

!
f �8�

where f � �ê3L r!�W��N!Lê3�L r!� (Fig. 2). Higher

order terms in e1 have essentially the same geom-
etry as these two and, accordingly, will only re-
inforce (though by some negligible amount) their
e¡ect.

In order to ¢nd the expression for N
!

it is ad-
vantageous, as pointed out above, to consider the
reference frame F. In this frame the instantaneous
angular velocity of the mantle is g!L r!, and that
of the £uid is v!0 � u!� g!L r!. The momentum
equation for the £uid is then:

d v!
dt

� �
F
� D u!

D t

� �
F
� dg!

dt F � d6
!
dt F

 !
L r!�

� v!0 W9�!� v!0 � 26
!
L v!0 � 6

!
L�6!L r!� � 39

!
2

�9�

Since �dg!=dt�F , �d6!=dt�F � 0 in the inviscid
case, and looking for a stationary solution u! in
F, the equation to solve is:

� v!0W9!� v!0 � 26
!
L v!0 � 6

!
L�6!L r!� � 39

!
2

�10�

If the ellipticity of the CMB is ignored, using
u!� N

!
L r! in Eq. 10 and decomposing the accel-

eration terms into gradient and toroidal parts, we
obtain (see Appendix B):

3
1
2
9
!f��g!� N

!� 6
!�L r!�W��g!� N

!� 6
!�L r!�g�

�6!L�g!� N
!��L r!� 39

!
2 �11�

As there is no toroidal term in the right-hand
member, this would imply �6!L�g!� N

!��L r!� 0,
i.e. that the liquid angular velocity g!� N

!
be

aligned with the precession angular velocity,
thus leading, for an Earth-like value of the
obliquity A, to an equatorial relative rotation
N
!

eq of order O(g). However, when taking into
account some non-zero ellipticity e1 and replacing
u! given by Eq. 8 into Eq. 9, further toroidal
terms will appear to equilibrate the Poincarë
term. The main one results from the mutual ad-
vection of the main rotation g!L r! and the gra-
dient component 3e19

!
f of u! (that is, from

EPSL 5292 10-12-99

M.A. Pais et al. / Earth and Planetary Science Letters 174 (1999) 155^171 159



��g!L r!�W9!��3e19
!

f �3�e19
!

f W9
!��g!L r!��. As-

suming that 6, NIg and keeping acceleration
terms up to order 6 =g �dvf=dt�0 where
�dvf=dt�0 � 31=29

!
Mg!L r!M2 is the leading order

term of acceleration and 6 =g is the so-called
Poincarë number, we have instead of Eq. 11:

3
1
2
9
!f�g!L r!�W�g!L r!��

2�g!L r!�W��N!� 6
!�L r!�g�

�6!Lg!�L r!3e1g �N
!
Lê3L r!� 39

!
2 �12�

The condition on the toroidal component of the
total acceleration of the £uid is now:

�6!Lg!�L r!3e1g �N
!
Lê3�L r!� 0 �13�

as a result of which the equatorial component of
the inviscid relative angular velocity must take the
form:

N
!�inv�

eq � 6
!

eq

e1
�14�

where N
!

eq and 6
!

eq are equatorial components (in
the Earth's equator) of N

!
and 6
!

respectively. So
the £uid core will have basically an instantaneous
angular velocity relative to inertial space, given by
g!f � g!� 6

!� �6!eq=e1� � N 3ê3 always in the
precessing plane de¢ned by the vectors g! and
6
!

. The axial component of the liquid core's rel-
ative solid rotation, N3, is not constrained by the
precession of the mantle in the inviscid case (Rob-
erts and Stewartson [14] implicitly take it equal to
zero).

2.3. Inertial coupling

By supposing that u! is stationary in F (i.e. N
!

precessing with 6
!

) one has determined N
!

using
the toroidal part of the acceleration. We can now
compute the torque that is responsible for the
precession of the liquid core solid rotation. The
gradient component of Eq. 12 does allow a deter-
mination of the e¡ective pressure ¢eld 2, to with-
in some uniform function g, as:

2 � 1
2
f�g!L r!�W�g!L r!��

2�g!L r!�W��N!� 6
!�L r!�g � g

It follows that the net torque acting on the core
which, for an inviscid £uid, is due solely to the
e¡ective pressure ¢eld 2 acting on the elliptical
core-mantle boundary, is (see Appendix C):

y
!

2 �
Z

b r!L�39
!
2 �dV

� g!LIng
!� �N!� 6

!�LIng
!�

g!LIn�N
!� 6

!�
� e1An�N

!� 6
!�Lg ê3

�15�

This torque is known as the inertial pressure
torque [17^19], where the inertia tensor In for
the core is considered to be diagonal with mo-
ments of inertia An, An and Cn relative to axes
�ê1; ê2; ê3� respectively, and e1v(Cn3An)/An for a
homogeneous £uid core. It is worth stressing that
2 already takes into account the lunisolar preces-
sion potential, and that y

!
2 is the sum of the

lunisolar gravitational torque on the core and of
a dynamical pressure torque associated to the rel-
ative £ow u!. We may further write Eq. 15 in the
following way: y

!
2 � 6

!
fLCng ê3, where we

have de¢ned:

6
!

f � e1An

Cn
�N!� 6

!� �16�

Replacing N
!� N

!�inv�
eq as given by Eq. 14 in Eq.

16:

y
!�inv�

2 � 6
!

eqLCng ê3 � 6
!
LCng ê3 �17�

Also, from the conservation theorem for the an-
gular momentum of the core H

!
n :

dH
!

n

dt

 !
I
� y
!�inv�

2 �18�

That is, once the stationary state has been
reached, the total torque acting on the core ac-
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counts for the precession of the axial £uid angular
rotation vector around Ê3 with the same retro-
grade rate as for the mantle. Note that in Eq.
17 there is no term associated with the precession
of N
!�inv� to the current order of approximation,

because we have ignored terms of order 6N/g2

(dvf /dt)0 in Eq. 10.
Supposing the mantle to be rigid, the rate of

change of its angular momentum H
!

m is:

dH
!

m

dt

 !
I
� Im

d
dt

� �
I
�g!�6

!� �

Im
d
dt

� �
F
�g!� 6

!� � 6
!
LIm�g!� 6

!� �19�

where Im is the tensor of inertia for the mantle,
assumed to be diagonal with moments of inertia
Am, Am and Cm relative to axis (eª1, eª2, eª3) respec-
tively. The conservation of the angular momen-
tum for the core^mantle system then gives from
Eqs. 18 and 19:

6
!
LCng ê3 � 6

!
LCmg ê3 � y

!
P �20�

which, with CT = Cm+Cn for the axial moment of
inertia of the global Earth and from Eqs. 2 and 3,
shows that, within the current order of approxi-
mation, the presence of a liquid core does not
change the relation 6=6�0� =6R. The perturba-
tion of the mantle precession with respect to a
rigid Earth model is postponed until Section 3,
where one considers smaller acceleration terms
for the liquid core.

To summarize, we emphasize that both compo-
nents of the Poincarë £ow (Eq. 8) are of vital
importance for the liquid core to achieve a sta-
tionary precession state. They have, however,
rather distinct roles. On the one hand the rigid-
rotation term gives the pressure ¢eld that, cou-
pling the core and the mantle through the CMB
ellipticity, accounts for the precession of the axial
angular momentum of the liquid core at the same
precession rate as that of the mantle. This term
has been frequently given a leading importance,
especially in studies where the main goal has been
to assess the e¡ect of the interaction of the liquid

core with the mantle and the inner core (e.g. [21]).
On the other hand, the gradient component,
though of smaller intensity by a factor e1, is es-
sential in generating the toroidal term that locally
counterbalances the Poincarë force besides allow-
ing for the non-penetration boundary condition
to be veri¢ed.

Vanyo [26] remarked that explaining ^ as often
done ^ the induced relative £ow u! as a result of
di¡erent lunisolar precessional torques on the
core and the mantle may be misleading. We
showed indeed that the liquid angular momentum
balance equation which determines u! in a perma-
nent regime contains only toroidal terms and, as
a consequence, is independent of the lunisolar
torque on the £uid (for a given precession rate).
This means that in the hypothetical case of a £uid
core having the same dynamical ellipticity as
the mantle, an induced relative £ow u! is still to
be expected in spite of the fact that the lunisolar
precession torque alone would be able to give
the right value to the precession of the liquid
core.

2.4. E¡ect of core^mantle laminar viscous coupling
on the induced £ow

The e¡ect of core viscosity in modifying the
above solution was treated by Stewartson and
Roberts [13] and Roberts and Stewartson [14]
for low values of viscosity, by linearizing the
equations for the viscous boundary layer. Busse
[15] further studied the e¡ect of the non-linear
advective term in the equations. As pointed out
by Rochester [17], the results obtained from those
studies agree closely, for the estimated Earth pa-
rameters, with those obtained assuming that the
viscous torque on the core can be parameterized
and considered to be proportional to the relative
angular velocity N

!
, in the form:

y
!

v � 3U N
! �21�

where U is a friction coupling constant. We can
qualitatively assess the e¡ect of viscosity in the
following way. Let us consider a £uid core in
which a Poincarë solution has already been set
in place and that the viscous torque is then sud-
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denly switched on, thus tending to reduce N
!

. A
reduction of N

!
, however slight, will result in a

decrease of the precession rate 6
!

f (Eq. 16) rela-
tive to the mantle precession rate and, conse-
quently, in a delay of the liquid solid rotation
relative to the (6

!
; g!) plane (the (ê2;O; ê3) plane).

This means that some component of N
!

along
3eª1 has been introduced. Let us write it as
N
!0 � 3L N �inv�

eq ê1. Then from Eq. 15, a new con-
tribution for the e¡ective pressure torque results,
of the form y

!0
2 � e1An N

!0Lg ê3. The L value in
the new equilibrium state must be the one for
which y

!0
2 balances the viscous torque, which

gives in a ¢rst order approximation and using
Eq. 4 LVU/e1Ang (see Section 3.2 for a more
exact estimate).

3. Mantle dynamical reaction to core coupling

We will now consider smaller terms in the de-
velopment of the £uid acceleration in Eq. 10, in
order to assess the e¡ect of the inertial pressure
and dissipative torques on the mantle that will
contribute to changing g!m. We are looking in
particular for some secular e¡ect of the core in
changing the obliquity A, which implies that the
Earth axial ¢gure axis eª3 is expected to be ap-
proaching or going away from the normal to the
ecliptic, in addition to precessing around it, thus
introducing a further component of g!m.

Let us then denote:

X
!� 6

!
3

dA
dt

ê1 � 3
dA
dt

� �
I

ê1�

6 sin A ê236 cos A ê3 �22�

the total angular velocity perturbation of the
mantle that adds to g! and write g!m � g!� X

!
.

As before, the frame F is the one in which eª3 is
¢xed and the mantle movement reduces to a ro-
tation around eª3. The vectors eª1 and eª2 are de-
¢ned as before (see Eq. 4), and the lunisolar tor-
que is always along axis eª1. As the magnitude of
this torque varies only very slowly in time (as a
consequence of the variation of A, see Eqs. 3 and
5), we are entitled to look for almost stationary

solutions of X
!

and N
!

in F, leading to simpler
equations.

3.1. Equations of motion

According to what has been said in Section 2.4,
it is assumed that the e¡ect of viscosity contrib-
utes to u! by adding a correction in the form of a
rigid rotation to N

!�inv�, thus still allowing for sol-
utions of the form given by Eq. 8 (where the gra-
dient term ensures the correct boundary condi-
tions on the elliptical CMB).

Using quantities that are measured in the refer-
ence frame F, we may write as in Eq. 9, and
replacing 6

!
by X
!

:

d v!f

dt

� �
F
� D u!

D t

� �
F
� dg!

dt

� �
F
� dX

!
dt

 !
F

" #

L r!� � v!0W9!� v!0 � 2X
!
L v!0 � X

!
L�X!L r!�

�23�

We put u! in the form of Eq. 8 into Eq. 23, and
decompose all the terms into a gradient part and
a toroidal part. Then, pushing the development of
the toroidal and the gradient acceleration terms in
Eq. 23 up to order XN/g2(dvf /dt)0 (compare with
Eq. 12), we will have for �D u!=D t�F � 0 (and as-
suming, from previous results, NVX/e1) :

d v!f

dt

� �
I
� 3

1
2
9
!f��g!� N

!�L r!�W��g!� N
!�L r!��

2��g!� N
!�L r!�W�X!L r!�g�

dg!
dt

� �
F
� dX

!
dt

 !
F

" #

L r!� �X!L�g!� N
!��

L r!3e1�g � N 3��N
!
Lê3�L r! �24�

The rate of change of the angular momen-
tum of the liquid is �d=dt�I

R
V
b r!L v!f dV �R

V
b r!L�d v!f�=�dt�I dV . Taking the e¡ect of vis-
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cosity into account, the torque budget for the
liquid core is:Z

V
b r!L

d v!f

dt

� �
I

dV � y
!

2 � y
!

v �25�

with y
!

v given by Eq. 21. In the permanent re-
gime, as the moment of the gradient terms of
the acceleration of the £uid in Eq. 24 balances
the inertial pressure torque, the equilibrium con-
dition reduces to a balance involving only the mo-
ments of the toroidal terms of acceleration in Eq.
24 and the viscous torque2 (compare with Eq. 13),
i.e. :

In
dg!
dt

� �
F
� dX

!
dt

 !
F

" #
� In�X!L�g!� N

!��3

e1�g � N 3�In�N
!
Lê3� � 3U N

! �26�

We need one further equation to solve for both
X
!

and N
!

; this equation states the torque budget
for the whole liquid core^mantle system:Z

V
b r!L

d v!f

dt

� �
I

dV � d
dt

� �
I

Img!m � y
!

P �27�

Supposing the mantle rigid, the rate of change
of its angular momentum is (see Eq. 19):

dH
!

m

dt

 !
I
� Im

d
dt

� �
I
�g!� X

!� �

Im
d
dt

� �
F
�g!� X

!� � X
!
LIm�g!� X

!�

Keeping only terms up to order An(XN/g2)(dvf /
dt)0, consistent with the approximations made in

writing Eqs. 24 and 26, one has:

X
!
LIm�g!� X

!�vX
!
LImg!: �28�

Substituting Eq. 24 in Eq. 27 and noting that the
moments of the two gradient terms in Eq. 24 (see
Appendix C) may be written as

�g!� N
!�LIn�g!� N

!� � e1An�g � N 3��N
!
Lê3�

and:

�g!� N
!�LIn X

!� X
!
LIn�g!� N

!�ve1AnXLg!

we have to the current order3 :

IT
dg!
dt

� �
F
� dX

!
dt

 !
F

" #
� X
!
LCTg ê3�

In�X!LN
!� � y

!
P

with y
!

P given by Eq. 5 and CT = Cm+Cn the axial
moment of inertia for the whole Earth. We will
further consider �dX

!
=dt�FIX

!
LN
!

which im-
plies (see Eq. 22) d6/dt, d/dt(dA/dt)I6N,
(dA/dt)N and dA/dtIN, these suppositions being
testable a posteriori. Finally, the two equations
are:

Cn
dg!
dt

� �
F
� In�X!L�g!� N

!��3

e1�g � N 3�In�N
!
Lê3� � 3U N

! �29�

CT
dg!
dt

� �
F
� X
!
LCTg ê3 � In�X!LN

!� � y
!

P

�30�

2 Although the correction to the inviscid interior motion for
viscous e¡ects does in principle also generate gradient terms of
acceleration, their moments over the spheroidal volume of £u-
id are smaller than the moments of the corresponding toroidal
terms by a factor e1 (see note 3). This shows that the in£uence
of the viscous correction on the pressure ¢eld will be smaller
by the same factor than its in£uence in Eq. 26.

3 When keeping gradient terms of acceleration up to order XN/
g2 (dvf /dt)0 in Eq. 24, the acceleration moment over the spher-
oidal volume comprises terms up to order An e1XN/g2 (dvf /
dt)0, i.e., higher by a factor e1 than the moments of the cor-
responding toroidal terms of acceleration. If these two moment
contributions are to be used in the same equation of conserva-
tion of angular momentum (Eq. 27), care must be taken for
consistency.
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3.2. Secular variation of the obliquity

Comparing Eq. 30 with Eq. 2 shows that, to
this order of approximation, the liquid core has
introduced in the left-hand-member of Eq. 30 an
additional moment term which is associated with
the precession of the relative rotation N

!
. This

term (more precisely, the part of it which is a
consequence of dissipation at the CMB) is respon-
sible, as we will now see, through conservation of
the global Earth angular momentum, for a non-
zero value of both the secular variation of the rate
of rotation of the Earth, dg/dt, and of the secular
variation of the Earth's obliquity, dA/dt, when
considering the lunisolar precession torque as
the only external torque acting on the Earth. If
one computes the scalar products of Eq. 30 with
eª3 and eª2, taking into consideration Eq. 5, one has
respectively:

CT
dg
dt
� 3In�X!LN

!�We3 �31�

CTg
dA
dt
� 3In�X!LN

!�We2 �32�

The variation of the Earth's rotation rate pro-
vided by this mechanism is an e¡ect of equatori-
al^axial coupling, as shown in Eq. 31.

We can now proceed to solve for both X
!

and
N
!

. The equatorial equations are solved using the
usual complex notation in which N � N 1 � iN 2,
X � X 1 � iX 2 and y P � y P1 � iy P2 . The equato-
rial components of both Eqs. 29 and 30 are then:

X 3 � e1�g � N 3�3i
U
An

� �
N3�g � N 3�X � 0

iAnX 3N3i�CTg � AnN 3�X � y P

For simplicity we will suppose N3/gI1, which
is supported at the present time by estimations of
N3 from inversion of secular variation data which
give N3/gV1037 (e.g. [27]). Then:

X 3 � e1g3i
U
An

� �
N3gX � 0 �33�

AnX 3N3CTgX � 3iy P �34�

One then solves for N and X in terms of X3. In
the end we obtain, taking account of Eq. 5:

Nvi
6 R sin A

e1
13

X 3

e1g

� �
1� i

U
Ane1g

13
X 3

e1g

� �� �
�35�

Xvi6 R sin A 1� An

CT

X 3

e1g

� �
� i

An

CT

U
Ane1g

X 3

e1g

� �
�36�

Note, from the two previous equations, that the
perturbations of the precession rate 6= X2/sin A,
of the magnitude of the relative rotation N and of
the angle L= MN1/N2M (see Section 2.4) are all
smaller by a factor X3/e1g than the results ob-
tained using lower-order approximations4 (Sec-
tion 2). The result that is of most interest to us
is the new friction-dependent term X1 =3(dA/dt)
of secular variation of the obliquity. With
X3v36R cos A this becomes:

dA
dt
� 3

An

CT

U
Ane1g

6 2
R

e1g
cos A sin A �37�

As can be checked in Eq. 32, the main contri-
bution to X1 results from the need to balance the
gyroscopic torque In�X!LN

!0� associated with the
precession of the additional angular velocity
N
!0 � N 1ê1 introduced by friction. This torque
has a component AnX3N1eª2 that cannot be ac-
counted for by any exterior torque acting on the
system. It can, however, be balanced by another
gyroscopic torque, if the main term of angular
momentum of the whole system, CTgeª3, is al-
lowed to acquire a precession rate around eª1.

3.3. Constraints on the Earth's rotation rate value

The scalar product of Eq. 30 with Ê3 gives:

4 The number characterizing the approximations in the com-
putations of this section is then P2/e1, where P =6R/g is the
Poincarë number, which characterizes the approximations of
Section 2.
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CT
dg
dt

� �
F
�ê3WÊ3� � �X!LCTg ê3�WÊ3�

In�X!LN
!�WÊ3 � 0 �38�

One consistently ¢nds that in the inviscid liquid
case, when X

!� 6
!

, the conservation of angular
momentum along Ê3 is veri¢ed with all three
terms of the left-hand member of Eq. 38 being
zero. Friction at the core^mantle boundary is re-
sponsible for some secular variation of the obliq-
uity, which drags the main term of the global
Earth's angular momentum along in inertial
space, no more orthogonally to Ê3. From Eq.
38 and supposing the Earth rigid, the conserva-
tion of angular momentum would require that its
rotation rate changes to compensate for a varia-
tion of A :

CT
dg
dt

cos A3CTg
dA
dt

sin A � CT
d
dt
�g cos A� � 0

�39�

There is, however, no cause for dg/dt, dA/dtg0
in this rigid Earth case (Eqs. 31 and 32). In the
presence of a liquid core, whose relative angular
momentum is also carried along in inertial space,
there is an extra contribution to the angular mo-
mentum balance along Ê3. As NIg, it can be
anticipated that this term will not change signi¢-
cantly (Eq. 39). This is essentially what Nëron de
Surgy and Laskar [10] did to get this important
relationship between the time evolutions of g and
A which will be discussed later.

Only the development of the liquid core accel-
eration terms up to order 6N/g2 (dvf /dt)0, as is
done in the present paper, makes it possible to
estimate the liquid relative £ow contribution.
The new term to consider in Eq. 38 is essentially
CnX1N2eª3WÊ3 =3Cn(dA/dt)N2 cos A.

We can then establish the relationship between
the secular variations of g and A to the current
order of approximation from Eq. 38:

CT
dg
dt

cos A3CTg sin A
dA
dt

3z

Cn
6 R sin A

e1
cos A

dA
dt
� 0 �40�

showing that the perturbation to the angular mo-
mentum balance (Eq. 39) is a term of order (Cn/
CT) (6R/e1g) smaller than the main term contri-
bution (see Fig. 3, which gives a schematic view of
the in£uence of N

!
on Eq. 40).

3.4. Expression of U

The dissipative torque y
!

v � 3U N
!

may result
from either viscous or magnetic stresses at the
core^mantle interface (e.g. [28]), and the friction
coe¤cient that considers both e¡ects is U= Uv+Um.

The expression for the constant of viscous cou-
pling Uv can be established from the analytical
studies of Roberts and Stewartson [14], Busse
[15] and Loper [29], who suppose the viscous
and magnetic boundary layers at the core^mantle
boundary to be laminar. It comes [17] for the real
component of Uv (the one that is responsible for
the secular variation of A ; the imaginary compo-
nent of U has the e¡ect of changing weakly the
value of N2, see e.g. [17]) :

U v � 2:62Cn

��������
Xg
p

Rc
�41�

where Rc is the core radius. The uncertainty on Uv

is due to the uncertainty on the £uid core viscos-
ity X.

As for the constant of electromagnetic coupling
Um, it has been computed by MacDonald and
Ness [30] (considering a plane geometry) and by
Bu¡et [31] (considering a spherical geometry) for
a conductivity model that assumes an in¢nite con-
ductivity for the £uid core (r6Rc), a constant
conductivity cm in the lower mantle (Rc 6 r6RP)
and an insulating upper mantle (RP6 r6RE); it is
also assumed that the skin depth in the conduct-
ing layer of the mantle is small (for the daily
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frequency) with respect to the total thickness of
the conductive layer, RP3Rc. Then:

Um � 32Z
15
�RE�6
�Rc�2 �g

0
1�2

���������
2cm

Wg

s
�42�

where RE is the Earth radius, g0
1 is the Gauss

coe¤cient of the axial dipolar component of the
magnetic ¢eld at the Earth surface and W the mag-
netic permeability. Here, the uncertainties result
mainly from an inadequate knowledge of the low-
er mantle conductivity cm.

4. Discussion

A decrease of the Earth's obliquity from 60³ in
650 Ma to 26³ in 430 Ma as proposed by Williams
[2] requires a mean decrease rate of V0.56 mas/yr
for this period. For the subsequent 430 Ma to the
present, following the same author, the required
mean decrease rate is less than V0.025 mas/yr, a
20-fold reduction.

A ¢rst question that can be addressed is

whether these estimates (especially the last one)
are in agreement or con£ict with present astro-
nomical observations. Only recently, with VLBI
(very long baseline interferometry) measurements
has it become possible to observe the secular var-
iation of the obliquity relative to the IERS (Inter-
national Earth Rotation Service) celestial refer-
ence frame (the 41 kyr periodic oscillation of A
with amplitude 2.6³ is an e¡ect of the oscillation
of the ecliptic plane relative to the IERS celestial
reference frame, at a present rate of 30.468Q/yr
[32], and is not of interest to us). The measured
values of the obliquity secular variation range
from 30.26 mas/yr to 30.21 mas/yr [33] and are
in very good agreement with theoretical estimates

Fig. 2. The vector ¢eld corresponding to the gradient compo-
nent of u!, 3e19

!
f , in a meridional plane perpendicular to

N
!

eq and passing through the center of the Earth. It deforms
the ¢eld lines of N

!
eqL r! (see main text) from circular (rep-

resented in the ¢gure) to elliptical.

Table 2
Estimates for the secular decrease of the obliquity, taking the partial contribution from either the viscous (top) or the magnetic
(bottom) terms

Core kinematic viscosity X and
lower mantle conductivity cm

Method Estimates for dA/dt
(mas/yr)

X= 2.7U1037 m2 s31 [34] Transport properties of liquid metals 31036

X6 1.2U10 m2 s31 [28] Nutation of the Earth 631033

X= 1.8U103 m2 s31 [35] Damping of seismic waves 31032

cm = 10 631 m31 [37] Extrapolation of experimental studies to the lower mantle 31036

cm = 5U105 631 m31 [31] Retrograde annual nutation 31034

Table 1
Physical parameters for the present Earth

Earth radius, RE 6.37U106 m
Core radius, Rc 3.48U106 m
Rotation rate, g 7.29U1035 rad/s
Precession rate, 6 7.74U10312 rad/s
Mean obliquity, A 23³26P
Core equatorial moment of inertia, An 8.90U1036 kgm2

Core geometrical ellipticity, e1 1/390
Core axial moment of inertia,
Cn = An (1+e1)

8.92U1036 kgm2

Earth axial moment of inertia, CT 8.03U1037 kgm2

Gauss coe¤cient g0
1 3U1035 T

EPSL 5292 10-12-99

M.A. Pais et al. / Earth and Planetary Science Letters 174 (1999) 155^171166



of 30.244 mas/yr that consider the contribution
of planetary gravitational interactions [32]. Thus
an upper bound for the present value of the ob-
liquity secular variation that may be due to the
viscous^magnetic friction at the CMB is the
present uncertainty of about 1032 mas/yr in ob-
servations; this indicates that present astronomi-
cal observations, while not in contradiction with
Williams' estimates, do not corroborate them ei-
ther.

Consider now, using Tables 1 and 2, possible
orders of magnitude for the coupling constants Uv

and Um. It is commonly said that the core viscos-
ity is the least well-known parameter of geophy-
sics. Table 2 gives estimates of the kinematic vis-
cosity X, based on di¡erent methods and
assumptions; estimates span at least 10 orders
of magnitude. Poirier's [34] value of 1037 m2 s31

relies on a general study of transport properties
and is a direct estimate of the molecular viscosity.
It appears di¤cult from di¡erent theoretical and
laboratory studies on liquid metals to imagine
that the molecular viscosity could exceed 1036

m2/s. As to the estimates by Toomre [28] and
O¤cer [35], they rely on the interpretation of as-
tronomical or geophysical observations and the
values obtained in this way can incorporate un-
modeled dynamical e¡ects which have nothing to
do with molecular viscosity. In those cases, the
use of a linear theory while non-linear e¡ects

are probably important leads to values of viscos-
ity that are commonly referred to as e¡ective or
eddy viscosities [36]. The £ow due to precession is
a large-scale one (see Fig. 2) and if, as generally
assumed, the CMB topography is large-scale (hor-
izontal characteristic length larger than a few
hundred kilometers for an amplitude of at most
a few kilometers), the £ow would stay in a lami-
nar regime and the relevant viscosity is indeed the
molecular value (as in fact assumed in the theory
of Stewartson and Roberts [13], Roberts and
Stewartson [14] and Loper [29]). If we adopt the
molecular viscosity value of Poirier [34], the con-
tribution of the viscous torque to dA/dt, as found
from Eqs. 37 and 41, is only 31036 mas/yr, which
gives 3100 mas in 100 Ma, quite negligible when
compared with Williams' inferred change from
about 600 to 400 Ma. Even if O¤cer's [35] highest
estimate were adopted, this mechanism would fail
to explain the required decrease of A by a factor
of about 50.

Consider now the expected values of Um. The
conductivity cm of the lower mantle is not well
known, but the estimates of the conductivity of
the oxides at the base of the mantle tend to be-
come weaker with time. There are three di¡erent
kinds of studies that can produce these estimates.
First, the electrical conductivity of an assemblage
of magnesiowu«stite and silicate perovskite,
thought to be similar to the lower mantle materi-

Fig. 3. Contribution of the rotation around axis eª1 of the relative angular momentum CnN2eª2, to the conservation of the global
angular momentum along Ê3. (a) Variation of g (vector length) from epochs (1) to (2) as a function of A, for negligible values
of CnN2eª2. (b) Variation of g for non-negligible values of CnN2eª2 ; g(A) must be di¡erent from what it is in case (a) for the same
global angular momentum component along Ê3 to be recovered in epochs (1) and (2).
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al, can be measured at high pressure and temper-
ature in diamond-anvil cells. A reasonable esti-
mate of the conductivity of the lower mantle is
then obtained by extrapolation of the results to
the relevant temperatures and pressures. The most
recent experiments [37,38] give values smaller than
10 631 m31. It is sometimes argued that the elec-
trical conductivity could be much enhanced in the
vicinity of the CMB due to partial melting or
possible in¢ltration of the highly conducting
iron of the core into the lower mantle. But it
has been argued [39,40] that in the ¢rst case the
conductivity of the partially molten layer could
hardly be greater than that of the solid mantle,
and that in the second case the high conductivity
in¢ltrated layer would not be thicker than a few
tens of meters. A second way of estimating cm at
the base of the mantle is to analyze the rapid
magnetic signals generated by the £uid core mo-
tions (essentially the so-called jerks) [41,42] to
place an upper bound on cm. The most recent
study [43] leads to a value of the order of 10
631 m31 for this upper bound, in agreement
with the above-mentioned experimental results.
A third estimate is from the analysis of the
Earth's nutation. Bu¡ett [31] found that a layer
about 200 m thick, with a conductivity equal to
that of the £uid core, was needed in order for the
electromagnetic core^mantle coupling to account
for the remaining residual in the out-of-phase
component of the retrograde annual nutation of
the Earth, once the estimated in£uence of oceans
and mantle anelasticity has been removed. This
results in an estimate of the conductivity of
5U105 631 m31, quite inconsistent with the two
earlier estimates. With the present-day value of g0

1,
and from Eqs. 37 and 42, the contribution of the
magnetic friction to dA/dt is shown in Table 2 for
the two estimates of cm, where one sees that even
for the highest value of cm, the mechanism under
discussion fails by nearly four orders of magni-
tude.

The discussion above shows that reasonable es-
timates for the core and mantle parameters lead
to values for dA/dt that are 2^5 orders of magni-
tude lower than those proposed by Williams [2]
and abnormal changes in parameters are required
to establish agreement between the inferred and

predicted rates. It is not reasonable to call for a
much higher electrical conductivity of the lower
mantle in the 600^400 Ma period than at present,
nor to call for a much more intense g0

1 (a factor
100 at least would be necessary) for which paleo-
magnetic data give no hint in geological times.
Perhaps it is possible that the £ow generated by

Fig. 4. (a) Function f(t) = A(0)+[A(34500)3A(0)] [13 1/
(1+(MtM/560.4)9:2)] which has been ¢tted to the four control
points of Williams' [2] curve at 4500 Ma (A= 70³), 650 Ma
(A= 60³), 430 Ma (A= 26³) and 0 Ma (A= 23³). The open
circle on the curve corresponds to the predicted obliquity
A= 44.5³ for the Precambrian^Cambrian boundary at 550
Ma (to compare with Williams' value of 45³). (b) Mean solar
day length as a function of time corresponding to f(t)
through Eq. 39 (see main text). The solar day lengths for the
control points are 8.9 h at 4500 Ma, 12.8 h at 650 Ma, 23.3
h at 430 Ma and 24 h at 0 Ma. Also plotted are estimated
values based upon the study of tidal rhythmites, from Sonett
et al. [45] for 900 Ma (diamond), Sonett et al. [46] and Wil-
liams [47] for 900 Ma (triangle), and Williams [47] for 620
Ma (square).
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precession was more turbulent in the past, leading
to a much larger e¡ective viscosity? Following the
early work of Malkus [24], a renewed interest is
currently given to experimental evidence and nu-
merical computation of precession-induced £ows,
in particular to see whether they are not much
more complex than Poincarë simple motion (e.g.
[44]).

Even if dA/dt could be made large enough
(which seems implausible), the dynamical relation-
ship Eq. 40 (or Eq. 39) between obliquity and spin
rate raises another di¤culty. Williams' curve rep-
resenting the mean obliquity as a function of time
[2] is shown in Fig. 4a. By using Eq. 39, the cor-
responding g(t) curve is constructed and shown in
Fig. 4b. It follows that the l.o.d. at 620 Ma should
have been about 12.8 h. However, as discussed in
Section 1, Williams [47] himself proposes a much
higher estimate of 21.9 þ 0.4 for the l.o.d. at 620
Ma based on an analysis of glaciogenic formations
of southern Australia. Paleorotational values at
900 Ma derived by Sonett et al. [46] from rhyth-
mites of the Neoproterozoic Big Cottonwood For-
mation in Utah point to values of l.o.d. of 20.9 h
(see also Williams [47]), also much higher than
those in the curve of Fig. 4b. An obvious con£ict
therefore exists, as already pointed out by Nëron
de Surgy and Laskar [10], between the proposed
secular variation of the Earth's obliquity and the
existing paleorotational data, if core^mantle fric-
tion coupling is to be taken to be responsible for
the secular diminution of obliquity.

Having examined the theoretical model for dis-
sipative core^mantle coupling as a result of the
core £ow induced by precession, we are led to
two main conclusions: ¢rst, that the rate of
change of the obliquity is at least two (and most
probably more) orders of magnitude less than the
rate inferred by Williams from about 600 Ma to
430 Ma; second, that the dynamical relationship
between the rate of change of obliquity and rota-
tion rate for a dissipative system is not satis¢ed by
the observational evidence presented by Williams.
Hence dissipative core^mantle coupling is unlikely
to have been an important factor in modifying the
Earth's obliquity and spin rate during the past
600 Ma and, if the interpretation of the observa-
tions is correct, other mechanisms are required.

One such mechanism has recently been pro-
posed by D.M. Williams et al. [48] in which the
continental ice volumes are assumed to have been
su¤ciently large to modify signi¢cantly the
Earth's oblateness and hence the obliquity varia-
tions. While it is not the purpose here to examine
this suggestion in any detail, it is unlikely to be a
very e¤cient mechanism because of the di¤culty
in modifying the oblateness by surface loading.
The Late Proterozoic glaciation appears to have
been of relatively long duration in which case the
isostatic compensation of the surface load will be
nearly complete and, by analogy with continental
loading (e.g. [49,50]) any modi¢cation of the long-
wavelength gravitational potential is a second or-
der e¡ect.
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Appendix A. Gradient^toroidal decomposition of
Poincarë £ow

Both the Poincarë velocity ¢eld (exact solution
of the inviscid problem) and the associated terms
of acceleration in Eq. 10 are uniquely decompos-
able into gradient and toroidal components :

V
!� 9

!
G � 9
!
L� r!T�

Furthermore, the toroidal component is here of
the form t!L r!, where t! is some uniform vector.
From 9

!
L� r!T� � 9

!
TL r!, then 9

!
T � t! and

the toroidal scalar T is :

T� r!� � t!W r!
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Appendix B. Some useful identities for gradient^
toroidal decomposition of
acceleration terms

The following vectorial identities make it pos-
sible to easily decompose the di¡erent accelera-
tion terms in Eq. 10) into a gradient and a toroi-
dal components.

For a!, b
!

and c! arbitrary uniform vectors
(that is, independent of space coordinates), then:

�� a!L r!�W9!�� b
!
L r!� �31

2
� a!L b

!�L r!3
1
2
9
!

�� a!L r!�W� b
!
L r!��

a!L� b
!
L r!� �1

2
� a!L b

!�L r!3
1
2
9
!

�� a!L r!�W� b
!
L r!��

For a!, b
!

and c! uniform vectors such that a!
and b
!

orthogonal :

f9!�� a!L r!�W� b
!
L r!��L9

!g� c!L r!��

�� c!L r!�W9!�9!�� a!L r!�W� b
!
L r!�� �

� b
!
W c!�� a!L r!� � � a!W c!�� b

!
L r!�

Appendix C. Some useful identities for determining
the moments of toroidal and gradient
acceleration terms

For a!, b
!

and c! any uniform vectors, and b
the uniform density of the £uid occupying volume
V, then:

3
Z

b r!L9
!�� a!L r!�W� b

!
L r!��dV

� a!LI b
!� b

!
LI a!

� �C3A� a!L� b
!
Wê3�ê3 � �C3A� b

!
L� a!Wê3�ê3Z

b r!L� a!L r!�dV

� I a!
� A a!� �C3A�� a!Wê3�ê3

where I is the tensor of inertia of the £uid, diag-
onal, with moments of inertia (A, A, C).
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