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Mantle dynamics, postglacial rebound
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Abstract

We infer the radial viscosity structure of the Earth’s mantle from observations of long-wavelength geoid, glacially-induced
sea-level changes, and changes in the Earth’s rotation and gravitational field. We employ a combination of forward and formal
inverse modeling of long-term mantle circulation driven by large-scale density differences deduced from seismic tomography.
Based on the resulting unscaled mantle viscosity profiles, we model the time-dependent glacial isostatic adjustment of the
Earth related to past and present changes in the ice-ocean mass imbalance and we deduce scaled mantle viscosity profiles,
which simultaneously fit the long-wavelength geoid constraint and glacially-induced changes of the Earth’s shape.

Three mantle viscosity profiles are fitting the observational data equally well. All profiles are characterized by a two order of
magnitude variation of viscosity within the Earth’s mantle. Variations of viscosity in the upper mantle are less than one order of
magnitude. In the lower mantle, the viscosity differs significantly with depth for all models. Average viscosities in the upper and
lower mantle are around(2−5)×1020 and(1−3)×1022 Pa s, respectively. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

The Earth’s mantle is a dynamical system, with flow
driven by both thermal and chemical heterogeneities
within the mantle. The nature of the flow is a strong
function of the rheology of the mantle.

On the short time scale, the Earth’s mantle can be
described as an elastic continuum. Here, travel times
of earthquakes are used to infer the elastic properties
of the mantle. Significant improvements in resolving
the large-scale three-dimensional seismic velocity
structure of the Earth’s mantle through seismic to-
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mography have been achieved in the last decade,
resulting in a new generation of global tomographical
models. On time scales of a few thousand years, both
elastic and non-elastic behavior of the Earth’s mantle
can be observed as a consequence of global mass re-
distributions during the ice age cycles. Here, the man-
tle is more appropriately described as a viscoelastic
continuum, accounting both for instantaneous elastic
and time-dependent viscous deformation. Predictions
of signatures related to the glacial adjustment process
such as ancient sea-level indicators are commonly
used to derive a model for the radial variation of
mantle viscosity. At very long time scales, the Earth’s
mantle is convecting as a highly viscous fluid, with
hot less-viscous upwellings and cold more-viscous
downwellings. The large-scale structure of the con-
vective movement is visible in the distribution of
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plates on the Earth’s surface, with extensive plate
margins (mid-ocean ridges) generally located over
hot upwellings and compressive plate margins (sub-
duction zones) correlated with cold downwellings.
The up- and downwellings resulting from buoyant
forces due to large-scale internal density differences
in the mantle are responsible for deviations of the
Earth’s shape from a hydrostatic equilibrium figure,
and these deviations can be observed on the Earth’s
surface as non-hydrostatic geoid anomalies. Here,
mantle circulation models are used to constrain the
radial viscosity profile by matching the observed and
predicted long-wavelength non-hydrostatic geoid.
Independently, modeling the time-dependent flow
structure of the mantle has also been used to constrain
the range of plausible viscosity profiles (Bunge and
Richards, 1996).

1.1. Mantle flow

Mantle circulation models predict perturba-
tions of the Earth’s hydrostatic equilibrium figure
caused by internal three-dimensional density varia-
tions. Commonly, the density variations are derived
from tomographical models which map perturbations
of p- and s-wave velocities relative to a radially sym-
metric reference model such as PREM (Dziewonski
and Anderson, 1981). During the last two decades, to-
mographical models have been significantly improved
by incorporating new seismic data (Dziewonski,
1984; Woodhouse and Dziewonski, 1984; Morelli and
Dziewonski, 1986; Su and Dziewonski, 1991; Tan-
imoto, 1990; Masters and Bolton, 1991; Montagner
and Tanimoto, 1991; Su et al., 1994; Li and Romanow-
icz, 1996; Kennett et al., 1998; Trompert, 1998). A
fundamental assumption for the conversion of veloc-
ity perturbations into density perturbations is that the
velocity perturbations are caused by temperature vari-
ations. Thus the influence of chemical heterogeneities
on the velocity is assumed to be less important. Fur-
thermore, the velocity-to-density conversion factor is
often based on laboratory experiments determining
the temperature dependence of the elastic moduli
(Chopelas and Boehler, 1992). As the temperature and
pressure range for the Earth’s mantle cannot be sat-
isfactorily simulated in the laboratory, extrapolation
of results obtained at lower temperature and pressure
ranges induce additional uncertainties. An alternative

model for the three-dimensional density variation is
based on the mapped distribution of subducting slabs
in the mantle (Hager, 1984; Ricard et al., 1993).

Early predictions of the radial viscosity profile were
based on incompressible, Newtonian viscous mantle
circulation models (Hager, 1984; Richards and Hager,
1984; Ricard et al., 1984; Hager et al., 1985; Forte
and Peltier, 1987; Ricard and Wuming, 1991; King
and Masters, 1992; Ricard et al., 1993; Corrieu et al.,
1994). Most of these studies advocated a significant
one to two order of magnitude increase of viscos-
ity across the 660 km seismic discontinuity (Fig. 1).
Later on, the effect of compressibility has been found
to be significant and hence was included into the
mantle circulation models (Dehant and Wahr, 1991;
Thoraval et al., 1994; Corrieu et al., 1995; Panasyuk
et al., 1996; Forte and Mitrovica, 1996; Mitrovica
and Forte, 1997; Thoraval and Richards, 1997). The
effect of lateral viscosity variations in mantle circula-
tion models has been assessed recently (Richards and
Hager, 1989; Zhang and Christensen, 1993; Forte and
Peltier, 1994; Wen and Anderson, 1997; Zhong et al.,
1998). While lateral viscosity variations are essential
to induce toroidal motions and therefore improve the
prediction of plate velocities significantly, its effect
on predictions of the long-wavelength geoid is found
to be of minor importance. Finally, mantle circulation
models jointly predicting seismic data (p- and s-wave
velocities, structure coefficients) and geodynamical
data (free-air gravity anomaly) have been shown to
significantly improve the fit of the geodynamical data,
if small changes in the mantle density model well
below the threshold of uncertainties in the underlying
tomographical models are allowed (Forte et al., 1994).

1.2. Postglacial rebound

The mass redistributions associated to the Late
Pleistocene glacial cycles induce another perturbation
of the Earth’s hydrostatic equilibrium figure. Since
the early analyses of Haskell (1935, 1936), signatures
related to the glacial isostatic adjustment process
such as relative sea-level changes, changes in the
Earth’s gravitational field as monitored by satellite
missions and changes in the direction and the veloc-
ity of true polar wander have been used to constrain
the radial viscosity profile. While earlier inferences
(Cathles, 1975; Peltier and Andrews, 1976; Wu and
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Fig. 1. Unscaled viscosity profiles from predictions of long-wavelength geoid.

Peltier, 1982, 1983; Tushingham and Peltier, 1991,
1992) favored an almost uniform viscosity profile,
more recent investigations have been able to recon-
cile the glacially-induced signatures with a viscosity
profile increasing over one to two orders of magni-
tude within the mantle (Nakada and Lambeck, 1987,
1989; Lambeck, 1993a,b; Lambeck et al., 1990, 1996;
Mitrovica, 1996; Forte and Mitrovica, 1996; Mitro-
vica and Forte, 1997; Lambeck et al., 1998a; Peltier,

Fig. 2. Scaled viscosity profiles from predictions of postglacial rebound signatures.

1998). These latter inferences thus generally agree
with radial viscosity variations derived from mantle
circulation models, as it can be seen in Fig. 2.

1.3. Methodology

We adopt an approach first introduced by Forte and
Mitrovica (1996) and Mitrovica and Forte (1997).
In these papers, the authors based their inference of
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mantle viscosity on either a viscosity profile gen-
erated from the inversion of long-wavelength geoid
observations, which then was scaled to fit postglacial
decay time spectra, or by simultaneously invert-
ing observed long-wavelength geoid and postglacial
rebound observables. The inversions of Forte and
Mitrovica (1996) and Mitrovica and Forte (1997) re-
vealed a viscosity profile characterized by a two order
of magnitude increase with depth (Fig. 2a). Equally
important, Forte and Mitrovica (1996) concluded that
both the geoid and the rebound data can be explained
with a single radial viscosity profile, thus weakening
the argument of a significant transient behavior in
mantle flow. In this paper, we infer the radial struc-
ture of mantle viscosity from mantle circulation and
postglacial rebound modeling, based on the approach
described above, but with different observational data
sets.

In Section 2 we introduce the observational evi-
dence used to constrain the radial viscosity profile.
In Section 3, we briefly review the conceptual mod-
els for mantle flow in a compressible, Newtonian
viscous mantle, and for glacial isostatic adjustment
on a compressible, Maxwellian viscoelastic man-
tle. We then present forward modeling results of
the non-hydrostatic geoid for different internal den-
sity variations and surface boundary conditions.
Based on this forward approach, we infer simple un-
scaled radial viscosity profiles satisfying the observed
long-wavelength geoid. These initial viscosity profiles
are then used in a formal inverse procedure to further
refine the viscosity structure (Section 4.1). We employ
the previously derived unscaled viscosity models and
examine their ability to reproduce glacially-induced
signatures such as relative sea-level changes, changes
in the degree-two and three component of the Earth’s
gravitational field, and true polar wander velocity
(Section 4.2). Finally, we discuss the mantle circu-
lation and postglacial rebound contributions to the
predicted non-hydrostatic geoid (Section 4.3).

2. Observations

2.1. Seismic tomography

The prediction of the long-wavelength geoid from
mantle flow models depends entirely on the assump-

tion that internal density heterogeneities can be in-
ferred from indirect global measures of mantle struc-
ture. For this purpose, one commonly chosen data set
is the reconstruction of subducted slabs from plate
tectonics throughout the Cenozoic and Mesozoic eras
(Hager, 1984; Ricard et al., 1993), which then can be
used to prescribe lateral density heterogeneities based
on the difference of the colder, stiffer slab relative
to the surrounding mantle material. The second data
set consists of seismic velocity perturbations derived
from the inversion of global travel time databases
(Su et al., 1994; Li and Romanowicz, 1996). In this
paper, the second data set is used to assign density
heterogeneities.

It is not trivial to convert seismic velocity perturba-
tions into density heterogeneities. A fundamental un-
derlying assumption for the conversion is the common
origin of both lateral heterogeneities. As both ther-
mal and chemical effects are thought to be respon-
sible for mantle heterogeneity, a primary source of
uncertainty is the partitioning of thermal and chemi-
cal effects. One might argue, as do Ivins and Sammis
(1995) that the restriction to thermal effects causing
lateral heterogeneities in mantle flow models is rea-
sonable for long-wavelength processes as resolved by
global tomographical imaging, as chemical changes
in the mantle are more local and thus dominant only
for higher Legendre degrees corresponding to smaller
lateral wavelengths.

The conversion of seismic velocity perturbations
(∂v(r, θ, ϕ))/(vs(r)) as given by tomographical mod-
els, with the lateral velocity perturbation∂v(r, θ, ϕ)

relative to the shear-wave velocityvs(r) of the seismic
reference model, is given by

ρ(r, θ, ϕ) = dρ

dvs
(r)

[
∂v(r, θ, ϕ)

vs(r)

]
vs(r). (1)

Here,ρ(r, θ , ϕ) is the three-dimensional density per-
turbation at the spherical coordinate (r, θ , ϕ). The
velocity-to-density conversion factor(dρ/dvs)(r) has
to be derived from high-pressure, high-temperature
laboratory experiments (Chopelas and Boehler,
1992; Karato, 1993). As a reference, we adopt the
depth-dependent profile of the velocity-to-density
conversion factor suggested by Thoraval and Richards
(1997), with values for the upper and lower man-
tle of 0.3 and 0.2, and the top 300 km free of
temperature-related density heterogeneities to account
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for the chemical origin of shallow density variations
such as deep continental roots.

2.2. Non-hydrostatic geoid

The observed non-hydrostatic geoid is shown in
Fig. 3. It is derived from model PGS-3520, based
on the GEM-T2 satellite observations supplemented
by surface gravity data and Seasat altimeter data
(Lerch et al., 1979) by changing thėC20-coeffi-
cient from its geometrically-based flattening to the
hydrostatically-based flattening of the Earth (Naki-
boglu, 1982). The geoid is characterized by prominent
highs over the southwestern Pacific, the Andes and
West Africa, and lows over southern India, the Hud-
son Bay, and Antarctica. A spectral expansion of the
observed geoid (Fig. 4) reveals the overall importance
of the degree-two contribution. The amplitude of the
next-largest contribution, the degree-three component,
is 40% smaller. The power spectrum is rapidly de-
creasing for larger degrees. From the power spectrum,
a root mean square amplitude of 42.17 m (41.87 m for
degrees 0–8) can be derived.

2.3. Late Pleistocene glaciation

As a model for the Late Pleistocene glacial cy-
cles we adopt a global ice model comprising Late
Pleistocene ice sheets over North America, northern
Europe, Greenland, the British Isles, and Antarctica.

Fig. 3. Non-hydrostatic geoid derived from model PGS-3520 (Lerch et al., 1979). Contours are drawn every 20 m, negative areas are shaded.

Fig. 4. Power spectrum of non-hydrostatic geoid. The expansion
is based on fully normalized spherical harmonics. RMS denotes
the root mean squares value.

The extent and the melting history follows model
ICE-1 (Peltier and Andrews, 1976) for the Laurentide
Ice Sheet and Greenland, model FBKS8 (Lambeck
et al., 1998a) for the Fennoscandian and Barents Sea
Ice Sheets, model BK4 (Lambeck, 1993b) for the
British Ice Sheet, and model ANT3 (Nakada and Lam-
beck, 1988) for the Antarctic Ice Sheet. All reconstruc-
tions are based on glaciological and geomorphological
evidence and thus reflect the approximate extent of the
Late Pleistocene Ice Sheets throughout the last glacial
cycle. Times in this context are given in calendar
years, thus the sea-level indicators usually referenced
to the radiocarbon time scale have been converted to
the uranium-thorium time scale. The ice margins for
the last glacial maximum around 22,000 years BP are
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Fig. 5. Ice margins at the last glacial maximum (grey) for the model described in the text. The triangles denote localities of near-field
observed sea-level indicators, the dots denote far-field localities. Note that each locality comprises one or more observed sea-level indicators.

redrawn in Fig. 5. We simulate the Late Pleistocene
glacial cycles by modeling the last two cycles and by
assuming an average ice load before that time. This
parameterization of the last glacial cycles has been
shown to be sufficient to correctly predict changes in
the Earth’s gravitational field and rotation (Mitrovica
and Davis, 1995; Johnston and Lambeck, 1999).

In addition to the Late Pleistocene melting we in-
clude the J92-scenario for the recent mass imbalance
of the Antarctic Ice Sheet (James and Ivins, 1997) to
account for the effects of present-day melting on sig-
natures such as changes inĊ20 and true polar wan-
der. The J92 model accounts for 0.44 mm per year of
global present-day melting, mainly as a result of mass
changes in West Antarctica. Thus this scenario pro-
vides only half of the observed present-day sea-level
rise of around 1 mm per year (Gornitz et al., 1982;
Lambeck et al., 1998b). In our models, present-day
melting has contributed to contemporary sea-level rise
for the last 1000 years.

2.4. Ancient sea-level indicators,Ċ20, and TPW

Perturbations of the Earth’ shape caused by the
glacial mass redistributions are recorded in succes-
sions of ancient coastlines, which are found both be-
low and above the present sea level. The global distri-
bution of these indicators of relative sea-level change
(RSL) reveals the complex response of the glacial iso-
static adjustment process and are widely used to con-
strain the radial viscosity profile. For our analysis, we
have chosen observed sea-level indicators from Scan-
dinavia (569), the Barents Sea (264), central Europe
(487), and Canada (58), sampling the near field of the
northern hemisphere part of the Late Pleistocene Ice
Sheet fairly evenly. The glacial response in the far field
of the former Late Pleistocene ice sheets is monitored
by 310 RSL sites located around the globe. In addition
to these geological observations mainly sensitive to
viscosity variations within the upper 1000–1400 km
of the Earth’s mantle (Mitrovica, 1996), we predict
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the observed rate of change of the spherical harmonic
degree-two component of the Earth’s gravitational
field, Ċ20 = (3.93 ± 0.35) × 10−19 s−1 (Nerem and
Klosko, 1996), and the observed true polar wander
velocity, TPW = (3.33 ± 0.08) marcsec per year
(McCarthy and Luzum, 1996) to complement the pre-
dictions of glacial isostatic adjustment. The latter two
observables have sensitivities for the radial viscosity
profile peaking in the lower mantle (Mitrovica and
Peltier, 1991a; Peltier, 1998; Mitrovica and Milne,
1998; Johnston and Lambeck, 1999).

3. Theory

3.1. Mantle flow

Flow in an isochemical, compressible, Newtonian
viscous shell can be described by field equations for
the conservation of mass, momentum and gravitational
potential, and a viscous constitutive equation, with
read under the assumption of quasi-static perturbations

(ρ̄0ūi ),i = 0, (2)

0 = −p̄,i + τ̄ij ,j − ρ̄ḡr̂ + ρ̄0φ̄,i , (3)

τ̄ij = η̄(ūi,j + ūj,i ) − 2
3 η̄ūk,kδij , (4)

φ̄,ii = −4πḠρ̄0. (5)

All field quantities are normalized according to
Table 1 and are identified by a bar. The initial density
and gravity functions,̄ρ0 andḡ0

i , are given by PREM
(Dziewonski and Anderson, 1981),Ḡ is the universal

Table 1
Scaling parameters

Symbol Description Value

r0 Radius of the Earth 6371 km
ρ0 Density 4048 kg m−3

g0 Gravitational acceleration 9.81 m s−2

G0 Gravitational constant 6.6732×10−11

m3 kg−1 s−2

η0 Viscosity 1021 Pa s
p0 = ρ0g0r0 Pressure, stress
t0 = η0/p0 Time
v0 = r0/t0 Velocity
φ0 = g0r0 Gravitational potential

gravitational constant, and the perturbed field quanti-
ties are the density distribution̄ρ, the velocity vector
ūi , the deviatoric stress tensorτ̄ij , the gravitational po-
tential φ̄, the viscosityη̄, and the dynamical pressure
p̄. In (2)–(5), we have used the indicial notation, with
indicesi, j, k, l ranging over 1, 2 and 3 and repeated
indices within a term implying summation over that
index. An index preceded by a comma implies dif-
ferentiation with respect to the coordinate direction
indicated by the index. We introduce a spherical coor-
dinate system (r, θ , ϕ) with r the radial distance, and
θ and ϕ colatitude and longitude. The gravitational
acceleration̄g0

i is antiparallel tor, ḡ0
i = (−ḡ, 0, 0)T.

Eqs. (2)–(5) are a coupled system of partial differen-
tial equations for the unknowns̄ui , p̄i , τij , φ̄, andρ̄. We
reduce the system to ordinary differential equations
by expanding all field quantities into their spherical
harmonic coefficients and solve the resulting system
for a set of boundary conditions (Corrieu et al., 1995).
We calculate the predicted geoid coefficientsN

p
lm and

compare them to the observed geoid coefficientsNo
lm.

We also use some statistical properties such as power
spectrumFl , the root mean square amplitude RMS, the
degree correlationCl , and the variance reductionV.

F 2
l =

∑
m

NlmN∗
lm, (6)

RMS2 =
∑

l

F 2
l , (7)

Cl =
[∑

m

No
lmN

∗p
lm

]

×
[(∑

m

No
lmN∗o

lm

)(∑
m

N
p
lmN

∗p
lm

)]−1/2

(8)

V = 1 −
∑
lm

[No
lm − N

p
lm]
∑
lm

[N∗o
lm − N

∗p
lm ]

×
∑
lm

[No
lm − N∗o

lm ]−1 (9)

In (6)–(9), the asterisk denotes complex conjugation
of the coefficientNlm. The Legendre degree and order,
l andm, run from 1 tolmax and 0 tol, respectively, and
the summation indexlm represents the double sum-
mation overl = 1, lmax andm = 0, l. The Legendre
degreelmax is the highest degree considered.
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3.2. Postglacial rebound

Flow in an isochemical, compressible, Maxwellian
viscoelastic shell can be described by field equations
for the conservation of mass, momentum and gravita-
tional potential, and a viscoelastic constitutive equa-
tion,

(ρ0ui),i = ρ, (10)

0 = σij ,j + ρg0
i + ρ0φ,i, (11)

φ,ii = 4πGρ, (12)

σij (t) =
∫ t

0

1

2
[λ(t − t ′)δij δkl + 2m(t − t ′)δikδjl ]

× ∂t ′ [uk,l(t
′) + ul,k(t

′)]dt ′. (13)

The term∂t ′f is the time-derivative operator of field
quantity f, and k(t) and m(t) are the bulk and shear
relaxation functions, withλ(t) = k(t) − (2/3)m(t).
Note that the above equations are already quasi-static,
and that the constitutive equation (13) is explicitly
time-dependent. We apply a Laplace transformation
(LePage, 1980) to (10)–(13) and arrive at a set of
partial differential equations similar to the govern-
ing equations for the elastic shell (Biot, 1962; Peltier,
1974; Cathles, 1975):

(ρ0ũi ),i = ρ̃, (14)

0 = σ̃ij ,j + ρ̃g0
i + ρ0φ̃,i , (15)

φ̃,ii = 4πGρ̃, (16)

σ̃ij = sλ̃ũk,kδij + sm̃(ũi,j + ũj,i ). (17)

Here, the tilde denotes Laplace-transformed field
quantities ands is the Laplace frequency. As in Sec-
tion 3.1, we introduce a spherical coordinate system
(r, θ , ϕ) with g0

i = (−g, 0, 0)T. Finally, we re-
duce (14)–(17) to an ordinary system of differential
equations by expanding all field quantities into their
spherical harmonic coefficients and solve the result-
ing system subject to appropriate boundary conditions
(Wu and Peltier, 1982).

The resulting dimensionless load and tidal Love
numbers and are used to calculate Green’s functions
for perturbations of the Earth’s solid surface,Γ L

R and
Γ T

R , and of the geoidal surface,Γ L
Φ andΓ T

Φ (Farrell

and Clark, 1976; Mitrovica and Peltier, 1989; Han and
Wahr, 1995), given by

Γ L
R (γ, t) = a

me

∞∑
l=0

hL
l (t)Pl(cosγ ), (18)

Γ T
R (t) = 1

g
hT

l (t), (19)

Γ L
Φ (γ, t) = ag

me

∞∑
l=0

[δ(t) + kL
l (t)]Pl(cosγ ), (20)

Γ T
Φ (t) = δ(t) + kT

l (t). (21)

Here,me is the Earth’s mass, anda the Earth’s radius.
The angular distanceγ between an observation point
(θ , ϕ) and an impulsive load point (θ ′, ϕ′) is given by

γ = cosθ cosθ ′ + sinθ sinθ ′ cos(ϕ − ϕ′). (22)

From the Green’s functions (18)–(21), we derive the
response functions for perturbations of the Earth solid
(R) and geoidal (G) surfaces as sums of both surface
and tidal load forcings (Milne and Mitrovica, 1996,
1998) which read:

R(θ, ϕ, t) = RL(θ, ϕ, t) + RT (θ, ϕ, t),

RL(θ, ϕ, t) =
∫ t

−∞

∫ 2π

0

∫ π

0
a2L(θ ′, ϕ′, t ′)

× Γ L
R (γ, t − t ′)dϕ′ sinθ ′ dθ ′ dt ′,

RT (θ, ϕ, t) =
∫ t

−∞

∫ 2π

0

∫ π

0
Λ(θ ′, ϕ′, t ′)

× Γ T
R (t − t ′)dϕ′ sinθ ′ dθ ′ dt ′, (23)

G(θ, ϕ, t) = GL(θ, ϕ, t) + GT (θ, ϕ, t),

GL(θ, ϕ, t) = 1

g

∫ t

−∞

∫ 2π

0

∫ π

0
a2L(θ ′, ϕ′, t ′)

× Γ L
Φ (γ, t−t ′)dϕ′ sinθ ′ dθ ′ dt ′+1Φ(t)

g
,

GT (θ, ϕ, t) = 1

g

∫ t

−∞

∫ 2π

0

∫ π

0

× Λ(θ ′, ϕ′, t ′)Γ T
Φ (t−t ′)dϕ′ sinθ ′ dθ ′ dt ′,

(24)

The second term on the RHS ofGL in (24) is a
time-dependent shift of the entire equipotential sur-
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face to ensure conservation of mass. In (23) and (24),
the surface loadL is given by

L(θ, ϕ, t) =
∑
lm

[ρiIlm(t) + ρwWlm(t)]Ylm(θ, ϕ). (25)

Hereρ i andρw denote the densities of ice and water,
theIlm are the coefficients of the prescribed space-time
history of the ice model, andWlm the coefficients of
the ocean load derived from the ice-ocean mass im-
balance. The tidal load, correct to first order, is given
by (Milne and Mitrovica, 1998)

Λ(θ, ϕ, t) = Λ00(t)Y00(θ, ϕ)+
+1∑

m=−1

Λ2mY2m(θ, ϕ),

(26)

where the coefficients are given by

Λ00(t) = 2ω2a2

3
m3(t), 320(t) = −4ω2a2

6
√

5
m3(t),

Λ21(t) = −ω2a2

√
15

[m1(t) + im2(t)], (27)

andm1 andm2 are perturbations of polar motion on
the Earth’s surface,m3 the perturbation of the Earth’s
rotation,ω the mean angular velocity of the Earth, and
i is the imaginary unit. In (27), theΛ21-term provides
the dominant contribution. The theoretical derivation
of the mi is based on solutions of the Euler equa-
tion and can be found in the literature (Sabadini et
al., 1982, Wu and Peltier, 1984). We follow Johnston
and Lambeck (1999) and obtain the fully normalized
perturbations of the Earth’s gravitational field from

Clm = 4πa2

me(2l + 1)
[1 + kL

l (t)] ∗ Llm(t), (28)

where the asterisk denotes a convolution of the two
time-dependent functions,kL

l (t) and Llm(t). For the
perturbations of the Earth’s rotation, after introducing
mmm(t) = m1(t) + im2(t), we obtain:

mmm(t) = − 4πa4

√
15(C − A)

(
1 − kT

2 (t)

k
Tf
2

)−1

× [1 + kL
2 (t)] ∗ L21(t), (29)

m3(t) = 2
√

5mea
2

3C
C20,

with A and C the equatorial and polar moments of
inertia, andkTf

2 the fluid limit of the tidal Love number
kT

2 of degree two.
Now we have collected all necessary information to

solve the sea-level equation (Farrell and Clark, 1976)
for a rotating Earth, which is given by

W(θ, ϕ, t)=C(θ, ϕ, t)[G(θ, ϕ, t)−R(θ, ϕ, t)]. (30)

In (30), the time-dependent ocean functionC equals 1
over the oceans and zero elsewhere (Munk and Mac-
Donald, 1960). The term in brackets on the RHS is
simply the difference between geoidal and solid sur-
face perturbations of the Earth. As bothG andR are
functions of the surface loadL, which itself is given
by (25), the ocean loadW appears on both sides of
(30). Thus, the sea-level equation is an integral equa-
tion, which has to be solved iteratively (Mitrovica and
Peltier, 1991b; Milne and Mitrovica, 1998).

4. Results

4.1. Mantle flow

We start predicting the non-hydrostatic geoid for
Legendre degrees 2–8 for a wide range of radial
viscosity models, using the theoretical model out-
lined in Section 3.1. The density-driven buoyancy
forces responsible for perturbations of the hydro-
static equilibrium figure of the Earth are derived
from tomographical models S12WM13 (Su et al.,
1994) and SAW12D (Li and Romanowicz, 1996).
Both models map shear-wave velocity perturbations
up to degree 12. The choice of two different tomo-
graphical models enables us to account partly for the
uncertainty in the three-dimensional density varia-
tions within the Earth’s mantle. Additionally, we vary
the velocity-to-density conversion factor (1) to fur-
ther assess the effect of uncertainties in the density
variation on the long-wavelength geoid prediction.
The radial functions for the initial density and grav-
ity, based on PREM, and the compressibility and
velocity-to-density conversion are shown in Fig. 6.

Our strategy is to start with a large set of forward
predictions for simple three-layer viscosity models,
with variable ratios for viscosities between litho-
sphere and upper mantle and between lower and upper
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Fig. 6. Prescribed radial dependence of densityρ0, gravity g0,
compressibility factork = (d lnρ)/(d ln r), and tomographical
conversion factor dρ/dvs .

mantle. We then use the viscosity ratios predicting
the best variance reduction as a priori models for a
formal inverse procedure. As the inverse prediction
is highly non-linear, we further assess the effects of
different a priori viscosity models on the variance
reduction. We discuss the viscosity models resulting
from the inverse predictions and additionally examine
the power spectra and the degree correlations for the
best-fitting inverse inferences in view of the observed
non-hydrostatic geoid.

4.1.1. Forward inferences
In our first set of forward modeling predictions, we

employ a free-slip boundary condition at the Earth’s
surface. This crude approximation certainly does not
account for the presence of tectonic plates on the
Earth’s surface, nevertheless it allows a satisfactory
fit to the observed non-hydrostatic geoid. More realis-
tic surface boundary conditions that take into account
the large lateral differences in stress (rigid plates ver-
sus weak plate margins, oceanic versus continental
regions) have been investigated (Ricard et al., 1989;
Wen and Anderson, 1997; Zhong and Davies, 1999),
and it has been shown that, although the ability to
excite toroidal motion significantly improves pre-
dictions of plate motions, the effect on predictions
of the long-wavelength geoid is only of secondary
importance.

In Fig. 7, the variance reduction between observed
and predicted geoid is shown for both tomographical
models and a sequence of velocity-to-density conver-
sion factors. The forward predictions are based on

simple three-layer viscosity models comprising an
80 km thick viscous lithosphere, and upper and lower
mantle. Viscosity ratios between lithosphere and up-
per mantle,ηlith /ηum, and between lower and upper
mantle,ηlm/ηum are varied over a wide range to en-
sure that we find a global maximum for the variance
reduction (9). In general, a consistently better fit is
achieved for model SAW12D, with variance reduc-
tions up to 52%. For both tomographical models, the
variance reduction is not strongly dependent on the
velocity-to-density conversion factor. Variance reduc-
tions are comparable in magnitude to those inferred
by Thoraval and Richards (1997). We note that our
variance reductions are lower than inferences based
on density variations derived from subducted slabs
(Corrieu et al., 1995), as the slab reconstruction mod-
els have more energy in the degree-two coefficients
of the harmonical decomposition (Forte and Peltier,
1991).

The most important result from Fig. 7 is the robust-
ness of the best model prediction in view of the viscos-
ity structure. Despite large uncertainties in the given
three-dimensional density variations, the viscosity ra-
tio between lower and upper mantle is always around
ηlm/ηum ' 60. The ratio between lithosphere and
upper mantle viscosity is consistently found around
ηlith/ηum ' 30–50. This result is thus in agreement
with most earlier studies regarding the necessity of a
large viscosity increase throughout the mantle.

In Fig. 8, we confirm the robustness of the con-
straint on the lower/upper mantle viscosity ratio by
examining the effects of the surface boundary con-
dition and compressibility. For a no-slip surface
boundary condition (Fig. 8a), the largest variance re-
ductions decrease in amplitude and the viscosity ratio
between lithosphere and upper mantle shifts to unre-
alistically low values around 0.1 (for S12WM13, we
have not found the global maximum within the ex-
amined viscosity range). Both inferences agree with
earlier results from Thoraval and Richards (1997).
However, the viscosity ratio between lower/upper
mantle remains close toηlm/ηum ' 60, thus con-
firming the robustness of the viscosity jump across
the 660 km seismic discontinuity. Similar conclusions
can be drawn from incompressible modeling results
(Fig. 8b). The ratioηlm/ηum remains around 60,
while the ratioηlith /ηum shifts to larger values around
50.
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Fig. 7. Map of variance reduction (%) of the long-wavelength geoid (degrees 2–8) for tomographical models S12WM13 (left) and SAW12D
(middle) as a function of viscosity ratiosηlith/ηum and ηlm/ηum for the different density-to-velocity conversion factors sketched in the
right panels. For all models, a free-slip surface boundary condition is adopted. The best variance reduction (%) is denoted within each
panel, with its viscosity ratiosηlith/ηum andηlm/ηum given in brackets.

4.1.2. Inverse inferences
We next use a formal inverse procedure to infer

more fine structure of the radial viscosity profile. We
solve a damped, weighted, non-linear inverse problem
(Tarantola and Valette, 1982; Mitrovica and Peltier,
1991a) for the viscosity profile. The quantity mini-

mized is the sum of the least-squares misfitχ2 and
the weighted lengthD of the model vectorai ,

χ2(ak) = [No
i − N

p
i ]T[Cod

ij ]
−1[No

j − N
p
j ],

D(ak) = [ai − a0
i ]T[Com

ij ]−1[aj − a0
j ]. (31)
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Fig. 8. As Fig. 7, but for a no-slip surface boundary condition (a), and an incompressible model (b).

In (31) andNo
i = No

lm and N
p
i = N

p
lm are the co-

sine and sine Legendre coefficients of the observed
and predicted geoid, respectively (in our case 41 spec-
tral coefficients), the vectorai is the model parameter
space defined here by 20 depth intervals of the loga-
rithm of the viscosity, anda0

i is its a priori value. The
matrices Codij and Comij are the data and model covari-
ance matrices,

Cod
ij = 21o2

i δij , i, j = 1, n,

Com
ij = 21a2

i




1, i = j

exp

[
−1h2

2c2

]
, i 6= j




i, j = 1, m, (32)

with 1oi = 3 m the observational uncertainty of the
geoid coefficients,1ai = 0.5 the uncertainty of the
logarithm of the viscosity,1h = hi − hj the distance
between theith and jth layer, andc the correlation
length, fixed to 400 km.

Following (Tarantola and Valette (1982), we mini-
mizeχ2 + D by differentiating the sumχ2 + D with
respect toai and setting it to zero. As our model is
non-linear,No

i = N
p
i (aj ), we apply an iterative ap-

proach to infer the best-fitting model parameter vec-
tor. This implies calculating the Frechet kernel matrix

Jij = ∂N
p
i /∂aj . For a given a priori model parameter

vectora0
i , we then can improve the solution iteratively

for thek + 1th step as

aaakkk+1 = aaa0 + {JJJ T
kkk [Cod]−1JJJkkk + [Com]−1}−1

×JJJ T
kkk [Cod]−1[NNNo − NNN

p
kkk

+ JJJkkk(aaakkk − aaa0)]. (33)

Here, bold field quantities are used as short-term
notations for vector and matrix fields. The a posteriori
model covariance matrix can be used to assess the
reliability of the inverse inference. It reads

Com
post,k = {JJJ T

kkk [Cod]−1JJJ k + [Com]−1}−1. (34)

Note that (34) is only meaningful, if predictions are
weakly non-linear with respect toai (Mitrovica and
Peltier, 1991a; Snieder, 1998). We achieve this by in-
ferring the logarithm of the viscosity in 20 layers in
the mantle. The inverse procedure (33) usually con-
verges within four to six iterations.

In Fig. 9, a set of viscosity profiles resulting from
several inversions for both seismic tomographical
models and four different a priori models are shown.
All predictions are based on a compressible earth
model and a free-slip surface boundary condition. The
density-to-velocity conversion factor is fixed to 0.3 in
the upper and 0.4 in the lower mantle, and the first
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Fig. 9. A posteriori viscosity ratios (solid lines) for tomographical models S12WM13 (left) and SAW12D (middle) for various a priori
ratios (dashed lines). The smaller panels log1η indicate both a priori (dashed lines) and a posteriori (solid lines) viscosity uncertainties.
Note that the viscosity ratios are unscaled and can be shifted along the viscosity axis.V denotes the a posteriori variance reduction (%).

300 km free of density heterogeneities, which is con-
sistent with the best-fitting models from the forward
inference. In Fig. 9a, the a priori viscosity model is
based on the best-fitting model from the forward pre-
dictions. The resulting a posteriori viscosity profiles
based on S12WM13 and SAW12D both keep the
high-viscosity lid of the lithosphere, and show little
radial variation within the upper mantle. In the lower
mantle, S12WM13 reveals lower viscosities directly
below the 660 km discontinuity, and higher viscosi-
ties in the central part of the lower mantle. Viscosity
is decreasing again towards the CMB. In contrast,
SAW12D favors a high viscosity region beneath the
660 km discontinuity, and tends to reduce the viscos-

ity in the central lower mantle. A common feature for
both models is the increase in viscosity from the upper
to the lower mantle by about two orders of magnitude.
Inspection of the a posteriori model uncertainties re-
veals that the low viscosity around 2000 km depth for
SAW12D correlates with the smallest reduction in
log1η. For both models, the inversion increases the
variance reduction significantly (Table 2).

Keeping in mind the dependence on non-linear
inverse problems on the a priori model, we examine
next the robustness of the inferred viscosity structure
by varying the a priori viscosity model. Therefore,
we vary both the lithosphere–upper mantle and the
lower–upper mantle viscosity ratios. The resulting
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Table 2
Inverse inferencesa

Model S12WM13 SAW12D

V (%) RMS (m) V (%) RMS (m)

a 36.20 → 42.20 32.40 → 30.20 51.80 → 59.00 27.70 → 33.40
b −689.00 → 45.80 120.00 → 35.30 −540.00 → 37.10 107.00 → 39.70
c −57.00 → 27.30 51.00 → 37.20 −11.00 → 62.20 42.30 → 32.80
d −539.00 → 45.50 107.00 → 30.70 −424.00 → 58.90 95.40 → 32.80

a For both the variance reduction (V) and the RMS amplitude (RMS) the a priori and the a posteriori values are shown.

viscosity profiles are shown in Fig. 9b–d. We observe
several important features. First of all, all inverse in-
ferences result in a viscosity profile increasing about
two orders of magnitude within the mantle. When
the a priori viscosity profile features a high-viscosity
lithosphere (Fig. 9a and b), the stiff lid is kept in the
inversions, and the upper mantle viscosity remains
relatively uniform. In the absence of a lithosphere
Fig. 9c and d, the inversions result in a viscosity pro-
file decreasing about one order of magnitude within
the upper mantle, indicating the need for a stiff up-
permost part. In contrast, variation of the lower-upper
mantle ratio does not effect the viscosity in the upper
mantle. However, the pattern in the lower mantle for
SAW12D is reversed in the case of a uniform a priori
viscosity profile in the sublithospheric mantle, with a
high-viscosity region now located in the central part
of the lower mantle (Fig. 9b and d). For S12WM13,
the lower–upper mantle ratio has no effect on the
viscosity profile in the lower mantle. We conclude
that while SAW12D always results in better variance
reductions than S12WM13, the former tomographical
model has less resolving power in the central region
of the lower mantle, when the a priori viscosity model
jumps to large values in the lower mantle. We note,
however, that the less satisfactory fit of S12WM13 can
be a result of the limited subset of density-to-velocity
conversion factors considered. Variance reductions for
SAW12D are around 60% (Fig. 9a, c, and d), and thus
in accordance with earlier inferences with 60–70%
variance reduction (King and Masters, 1992; Forte et
al., 1994). We note that the viscosity profile resulting
from SAW12D and an a priori model characterized
by a jump in viscosity across the 660 km discontinu-
ity, but no high-viscosity lithosphere (Fig. 9c) results
in the best variance reduction of 62%. This viscos-
ity profile, with decreasing upper mantle viscosity, a

large jump in viscosity across the 660 km discontinu-
ity, a high-viscosity below that boundary, and a low
viscosity in the central part of the lower mantle, is
similar to viscosity model FM in Forte and Mitrovica
(1996).

We next discuss the power spectra for different
geoid predictions based on the inferred viscosity mod-
els (Fig. 10). The comparison of observed and pre-
dicted power spectra reveals that no model is able to
predict the magnitude of the dominant degree-two con-
tribution in the observed non-hydrostatic geoid. On
average, the predictions can account for 60-70% of
the observed value. This lack of power in the lowest
harmonic of both tomographical models is primarily
responsible for the inability to achieve better variance
reductions. A comparison of S12WM13 and SAW12D
shows that for the latter model the power spectrum is
less red, as the higher harmonics contain more energy
than for S12WM13. It is interesting to note that the
best-fitting models (models b and d for S12WM13 and
models a and c for SAW12D) experience the lowest
power in the degree-two contribution.

The generally better variance reductions for
SAW12D can convincingly be studied in the de-
gree correlations. Here, a consistent pattern emerges.
While both S12WM13 and SAW12D have similarly
good correlation for degrees two and three, the corre-
lation of the higher degrees is far better for SAW12D.
It is also evident that the variance reduction is posi-
tively correlated to the degree correlation, especially
for degree two.

As a final statistical remark, we infer the average
RMS amplitude of the predicted geoid for both tomo-
graphical models. We find values of 33.4 ± 3.0 m for
S12WM13 and 34.7 ± 2.9 m for SAW12D. Both in-
ferences are almost similar and account for more than
80% of the observed value of 41.9 m.
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Fig. 10. Power spectrum for the predicted (filled boxes) and observed (open boxes) non-hydrostatic geoid for S12WM13 (left) and SAW12D
(right) for different a priori viscosity models (as in Fig. 9). The solid lines are degree correlations between observed and predicted geoid
coefficients.V denotes the a posteriori variance reduction (%), RMS the root mean square value (m).

We conclude this section by promoting several vis-
cosity profiles inferred so far. Both the forward and
inverse geoid predictions reveal a consistent pattern
with a viscosity increase about one to two orders of
magnitude throughout the mantle. In the presence
of a high-viscosity lithosphere, viscosity within the
upper mantle is fairly uniform, while no a priori
high-viscosity lithosphere tends to linearly decrease
viscosities in the upper mantle. For the lower mantle,
two different patterns can be found, both fitting the
observed geoid equally well. We therefore propose

three viscosity profiles as starting models for the next
section, models a, c and d resulting from SAW12D
(Fig. 9). All models achieve a similarly good vari-
ance reduction and represent three different classes of
mantle viscosity profiles.

4.2. Postglacial rebound

In this section, we discuss several model pre-
dictions for mass redistributions within the Earth’s
mantle that are induced by variations of the ice
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coverage of high-latitude regions during the last
glacial cycles. Based on the theory outlined in Section
3.2 and on the parameterization of the Late Pleistocene
ice sheet distribution as introduced in Section 2.3, we
predict changes in relative sea-level, gravity anoma-
lies, as well as the true polar wander velocity. We com-
pare these predictions to the observational evidence
presented in Section 2.4.

Our strategy for this section is to reconcile the
radial mantle viscosity profiles derived in the last sec-
tion with glacially-induced model predictions, which
best fit the observations. We intend to find viscosity
profiles, which correctly predict both long-term per-
turbations of the Earth’s equilibrium figure as seen in
the non-hydrostatic geoid and intermediate-term per-
turbations related to the glacial cycles. We implicitly
assume that the time-dependent relaxation of the man-
tle is independent from the characteristic time scale of
the driving force. As we show later, this assumption
is valid, and no additional transient flow regime for
the glacial isostatic adjustment process needs to be
considered, which is in accordance with suggestions
from Forte and Mitrovica (1996) and Mitrovica and
Forte (1997).

As a first step, we need to scale the viscosity profiles
proposed in the last section, as the glacial isostatic

Fig. 11. Three sets of scaled radial viscosity profiles corresponding to a posteriori models for SAW12D in Fig. 9.

adjustment process is largely controlled by the param-
eterization of the absolute radial viscosity profile. We
have chosen six different scaling constants for each of
the three profiles, and the resulting absolute viscosity
profiles are shown in Fig. 11 as sets A1–A6, B1–B6,
and C1–C6. All sets are characterized by a two order
of magnitude variation of viscosity with depth, with
profiles A modeling a decrease in viscosity in the up-
per mantle, and a pronounced high-viscosity region in
the center of the lower mantle. Profiles B have a rather
uniform upper mantle viscosity, and a high-viscosity
region beneath the 660 km discontinuity, but a
low-viscosity region in the central part of the lower
mantle. Profiles C combine the decrease in upper man-
tle viscosity from set A with the lower mantle viscos-
ity structure of set B. All sets include an 80 km thick
elastic lithosphere for the rebound modeling, which
is in accordance with inferences from Lambeck et al.
(1998a). We note, however, that a trade-off between
lithospheric thickness and upper mantle viscosity ex-
ists. For comparison purposes, we have calculated the
volume-averaged upper and lower mantle viscosities
for all sets. From this volume-averages, we derive an
average lower–upper mantle viscosity ratio of 22 (A),
144 (B), and 40 (C). We note that the lower–upper
mantle viscosity ratio for the volume-averaged set A is
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characterized by only one order of magnitude increase
in viscosity across the 660 km seismic discontinuity.
In contrast, the multi-layer viscosity profile shown in
Fig. 11 actually varies over two orders of magnitude
within the mantle. For the set B, both the lower–upper
mantle viscosity ratio for the volume-averaged models
and the multi-layer profile experience similar varia-
tions, because the multi-layer profiles are character-
ized by a pronounced increase of viscosity across the
660 km seismic discontinuity, which is maintained in
the volume-averaged models. The same holds for set
C, but with a smaller volume-averaged viscosity ratio.

4.2.1. Relative sea-level change
We begin by investigating the sensitivity of pre-

dicted relative sea-level changes both from the near
field and far field of the Late Pleistocene ice sheets.
Model predictions for each of the six viscosity profiles
for all sets are compared to the observational database
(Section 2.4). For each of the five regions Fennoscan-
dia, the Barents Sea, Canada, central Europe, and the
far field, the observations and predictions of individ-
ual sea-level indicators are compared on the basis of
a least-squares analysis as introduced in (31).

In Fig. 12, both predictions and observations for six
localities from the near field are shown. Predictions

Fig. 12. Predictions (lines) and observations with their uncertainties (dots and bars) of relative sea-level change as a function of time for
six selected localities in the near field. The localities Ångermanälven and Frosta are located in Scandinavia, Edgeøya and Kong Karls
Land are on the Svalbard Archipelago in the Barents Sea, and Richmond Gulf and Cape Storm are located in Canada. In the legend, lines
are correlated to viscosity profiles of set B.

are based on the six viscosity profiles of set B. We ob-
serve that all localities experience a strong dependence
of the predictions on the chosen viscosity profile. This
dependence is more or less pronounced for all predic-
tions from near-field localities, thus the calculation of
a least-squares misfit for the four regions Fennoscan-
dia, the Barents Sea, Canada and central Europe is
useful to discriminate between the proposed viscos-
ity profiles. In contrast, relative sea-level predictions
for far-field localities experience much less variability
as a function of the viscosity profile (not shown), and
consequently a least-squares misfit for the far field re-
gion is less likely to favor a particular viscosity pro-
file. The same conclusion holds for predictions based
on sets A and C (not shown).

The least-squares misfit between relative sea-level
predictions and observations for the five regions con-
sidered is defined as the root mean square value,
RMS =

√
χ2/m, with m the number of observa-

tions. For Fennoscandia (Fig. 13a), all sets result in
smaller RMS values for viscosity profiles having a
stronger mantle rheology than for the low-viscosity
models. The lowest RMS value found is around 3, in-
dicating that we cannot predict all observed sea-level
indicators in Fennoscandia within their uncertainties.
Similar minima for RMS values are obtained for
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Fig. 13. Root mean square value of misfit between observed and predicted relative sea-level changes for (a) Fennoscandia, (b) the Barents
Sea, (c) Europe (solid lines) and Canada (dashed lines), and (d) far-field localities. Also shown are predicted changes inĊ20 and Ċ30 (e,
f), and predicted true polar wander velocity and direction (g, h). The gray areas in (e), (g) and (h) indicate the observational uncertainties.
Numbers along the abscissa indicate scaled viscosity models for sets A (triangles), B (squares), and C (circles). The time interval for
contemporary ice-ocean mass imbalance in (e) and (f) is 1000 years (solid lines) and 100 years (dashed lines). In (a)–(d), the differences
between the predictions for the two different time intervals are insignificant and thus not shown.

localities in the Barents Sea (Fig. 13b), which fa-
vor high-viscosity models. In Canada (Fig. 13c), the
best-fitting solutions are again obtained for models
having a stiffer mantle. However, the minimum RMS
values are generally larger than in the two previous re-
gions. We attribute these less good misfits to the model
of the Laurentide Ice Sheet, which has not been im-
proved on the basis of new field data in the way that
been done for the other two ice sheets. Finally, RMS
values for central Europe and the far-field localities
(Fig. 13c and d) are fairly uniform for all viscosity
models considered. We therefore focus our interpre-

tation of the radial viscosity profile on the RSL data
from Fennoscandia, the Barents Sea, and Canada, as
these data sets indicate a good resolving power with
large variations in RMS values.

We have tested the sensitivity of our least-squares
misfit to the ice sheet distribution adopted as Late
Pleistocene ice model by performing a second analysis
based on the Ice-3G ice model from Tushingham and
Peltier (1991). In general, the RMS values found are
similar to the ones reported above, both in amplitude
and in distribution, with the exception of the Canadian
RSL sites, which favor less stiff viscosity profiles such
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as A3, B3, and C3. Hence, we regard our analysis as
robust in view of different ice sheet scenarios.

4.2.2. Change inĊ20, Ċ30, and true polar wander
Next, we investigate the variability of predictions

of gravitational and rotational parameters on the ra-
dial viscosity profile. Both classes of parameters are
mainly sensitive to large-scale mass redistributions in
and on the Earth, thus they represent long-wavelength
responses of the Earth to glacial forcing. It is im-
portant to note that both mass redistributions during
the last glacial cycles and present-day changes in the
ice-ocean imbalance make equally important contri-
butions toĊ20 and true polar wander. Therefore, we
model both former and contemporary changes in the
global ice distribution as mentioned in Section 2.3.

The observed signal oḟC20 (Fig. 13e) can be pre-
dicted best with low-viscosity models such as A2, B1,
and C2. For all other viscosity profiles the predicted
values are larger than the observed value. We note,
however, that predictions oḟC20 are sensitive to the
time interval assumed for contemporary changes in
the ice-ocean mass imbalance. In reducing this time
interval from 1000 to 100 years, the predictions of
Ċ20 consistently shift to higher values, especially for
low-viscosity models. The degree-three contribution
Ċ30 (Fig. 13f) is less sensible to the viscosity profiles
considered. Again, a reduction in the time interval
assumed for present-day melting shifts the predic-
tions of Ċ30 consistently to lower values, showing
that present-day melting is a prominent contribution
to changes in the gravitational field.

Fig. 14. Preferred scaled viscosity profiles derived from this study. The thick dashed lines indicate the volume-averaged upper and lower
mantle viscosity values, the thin dashed lines represent the 660 km seismic discontinuity.

Predictions of true polar wander velocity and direc-
tion are summarized in Fig. 13g and h. Here, all sets
predict values close to the observed true polar wander
velocity for viscosity profiles such as A3–A4, B3–B4,
and C3–C4. For stiffer rheologies, predictions under-
estimate the observed value. However, as we have
only modeled one particular present-day melting sce-
nario, the J92 model from James and Ivins (1997)
with contributions from West Antarctica, we probably
miss a present-day melting contribution from glaciers
in lower latitudes, which contributes strongly to the
prediction of true polar wander velocity (Peltier, 1988;
Johnston and Lambeck, 1999). Thus we incorporate
the polar wander constraint into our analysis only as
supplementary information. True polar wander direc-
tions are predicted well for almost all viscosity models.

We conclude that glacially-induced observations
such as relative sea-level change can be explained
best with viscosity profiles such as A4–A6, B4–B6
or C4–C6, which are characterized by relatively high
peak values in the lower mantle. As discussed above,
both changes in the Earth’s rotation and gravitational
field are of lesser use for the inference of a viscos-
ity profile, as present-day melting dominates these
signals. Therefore, we have used the latter two ob-
servations only as supplementary information. We
have redrawn the preferred scaled viscosity profiles
in Fig. 14 together with the corresponding volume-
averaged viscosity values for the upper and lower
mantle, respectively. For the upper mantle, volume-
averaged values differ less than one order of magnitude
(2–5) × 1020 Pa s. The upper bound of 5× 1020 Pa s
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is similar to earlier inferences obtained by Forte and
Mitrovica (1996) and Lambeck et al. (1998b). In the
lower mantle, the volume-averaged viscosities are
around(1–3) × 1022 Pa s. Hence, we suggest a large
viscosity variation with depth, which is in accordance
with earlier inferences in the literature (see Section
1). However, we note that the viscosity variation can
be rather smooth throughout the mantle (profile A)
instead of a narrow large viscosity jump across the
660 km seismic discontinuity (profiles B and C).

4.3. Predicted geoid

In this final section, we summarize the contributions
to the predicted non-hydrostatic geoid from both man-
tle circulation and postglacial rebound modeling. We
have chosen two geoid predictions from our inverse

Fig. 15. Predicted geoid for mantle circulation models (a) SAW12D and viscosity model A, (b) SAW12D and viscosity model B, and for
postglacial rebound models with (c) viscosity model A4, (d) viscosity model B4, and combined geoid (mantle circulation and postglacial
rebound predictions) with (e) SAW12D and viscosity model A4, (f) SAW12D and viscosity model B4. Contours in (a), (b) (e), and (f) are
every 20 m, in (c) and (d) every 10 m, negative areas are shaded.

inferences of the mantle circulation modeling, based
on tomographical model SAW12D and the a posteriori
viscosity profiles of Fig. 9a and d, shown in Fig. 15a
and b. When we compare the geoid predictions to the
observed non-hydrostatic geoid (Fig. 3), we observe
a satisfactory agreement between model predictions
and observation for both viscosity profiles. In gen-
eral, the model predictions are able to reproduce the
prominent geoid highs over the southwestern Pacific,
the Andes, and West Africa, as well as the prominent
lows over southern India and Antarctica. The Hudson
Bay low is less well pronounced in the geoid predic-
tions. The amplitudes of the extrema recovered are
generally smaller than the observed value, as it can
be seen over the Andes and the southwestern Pacific.
An additional positive region appears over the eastern
Siberian coast, with is not present in the observations.
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Fig. 16. Power spectrum for the predicted (filled boxes) and observed (open boxes) non-hydrostatic geoid. Predictions are based on mantle
circulation models alone with tomographical model SAW12D (light grey) and unscaled viscosity profiles A (a) and B (b). The combined
geoid prediction of mantle circulation model and postglacial rebound model is shown in dark grey, based scaled viscosity profiles A4 (a)
and B4 (b). Numbers in brackets are values for mantle circulation alone, numbers without brackets represent the combined contributions.
The solid lines are degree correlations between observed and predicted geoid coefficients for mantle circulation alone (dashed lines) and
the combined predictions (solid lines).

In Fig. 15c and d, the predicted geoid resulting
from the isostatic disequilibrium of the melting of the
Late Pleistocene ice sheets and present-day melting is
shown for the preferred absolute viscosity profiles A4
and B4. We observe prominent lows located over the
formerly glaciated areas of Canada, northern Europe,
and Antarctica, with peak values of−28 m (A4) and
−42 m (B4) over Hudson Bay. The minima over Hud-
son Bay are smaller than an earlier inference of Naki-
boglu and Lambeck (1981), based on an isoviscous
mantle with 1022 Pa s, which is capable of sustaining
a larger departure from the isostatic equilibrium. No
significant signal is predicted far away from the for-
merly glaciated areas.

In Fig. 15e and f, the combined predictions for
mantle circulation and postglacial rebound are shown.
Major differences between Fig. 15a and e, and be-
tween b and f are only visible over the formerly
glaciated areas. The predicted amplitudes over Hud-
son Bay and Antarctica are enhanced, over Scandi-
navia the changes are only minor. Thus we conclude
that the glacially-induced geoid signal is only locally
important, as found previously by Mitrovica and
Peltier (1989).

Finally, we discuss the effects of both mantle circu-
lation and postglacial rebound on the non-hydrostatic
geoid in terms of the predicted power spectra
(Fig. 16). The combined prediction of mantle circula-
tion and postglacial rebound improves the predicted
degree-two component of the power spectrum by

about 6%; all other degrees are much less affected.
Still, the combined model prediction can only ac-
count for 60% of the degree-two observation. The
variance reduction between observed and predicted
long-wavelength improves by about 3–4% to values
above 60%, when the glacially-induced contribution
is taken into account. The degree correlation between
observed and predicted geoid does not improve signif-
icantly upon the introduction of the glacially-induced
contribution. We conclude that the internal density
differences in the mantle mapped by seismic to-
mography are the main contribution to the observed
non-hydrostatic geoid. The glacially-induced compo-
nents are only locally important, e.g. in the Hudson
Bay and Scandinavia (Simons and Hager, 1997), and
account for less than 5 m of the observed root mean
square amplitude of the observed geoid.

5. Conclusions

We have predicted perturbations of the Earth’s
hydrostatic equilibrium figure caused by long-term
internal density differences and intermediate-term
changes in the surficial ice-ocean imbalance. The
former forcing is derived from the conversion of
seismically-inferred variations of shear-wave veloci-
ties relative to a radially symmetric reference velocity
model into internal density variations relative to a ra-
dially symmetric reference density model. The latter
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forcing comprises models of past and recent changes
in the global ice volume on the Earth’s surface. Both
modeling exercises, the long-term mantle circulation
process and the intermediate-term glacial isostatic
adjustment process, are sensible to radial changes in
the mantle viscosity structure.

A number of observations such as the non-hydrostatic
geoid anomaly, changes in relative sea-level, and
variations in the Earth’s rotation are at least partially
related to the internal and external mass redistri-
butions mentioned above. We have compared these
observations to our model predictions to determine
the radial mantle viscosity structure. Our inferences
have resulted in three viscosity profiles, shown in
Fig. 14. All profiles can simultaneously reduce the
misfit between observations and predictions for both
internal and external forcings to a minimum value.
The three profiles have in common a two order of
magnitude increase of mantle viscosity with depth
throughout the Earth’s mantle. Average viscosities
are around (2–5) × 1020 Pa s in the upper mantle, and
(1–3) × 1022 Pa s in the lower mantle. For profile A,
the change in viscosity across the 660 km seismic dis-
continuity is rather smooth, and viscosities increase
towards the central part of the lower mantle, then they
decrease again towards the CMB. For profile B, vis-
cosities jump by two orders of magnitude across the
660 km discontinuity, and peak values occur around
1000 km depth. Below, viscosities decrease towards
the central part of the lower mantle, and increase again
closer to the CMB. Profile C is characterized by a de-
crease in upper mantle viscosity towards the 660 km
discontinuity, a significant jump in viscosity across
this boundary, and a profile similar to B within the
lower mantle. We note that profile C is similar to model
FM inferred by Forte and Mitrovica (1996), which is
based on a similar analysis, but different observations.
Differences in the lower mantle viscosity are mainly
a result of the non-linear inverse inference from the
mantle circulation modeling. Therefore it seems dif-
ficult to relate variations in lower mantle viscosity to
physical processes based on our analysis alone.
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