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Water-load definition in the glacio-hydro-isostatic sea-level equation
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Abstract

Models of glacio-hydro-isostatic rebound and the concomitant sea-level change have been progressively improved over the past

three decades. Recently, the procedures used by the group at the Australian National University (ANU) for the hydro-isostatic

component of the theory have been questioned (Quat. Sci. Rev. 21 (2002) 409) although the details of the ANU group’s procedures

have not been published because they are mainly computational in nature rather than representing significant conceptual advances.

Because of this criticism, we set out here in detail the procedures that have been used for the treatment of the migration of shorelines

as sea levels rise and fall, the effect of retreat and advancing grounded ice on shelves and shallow seas, and the transitions from

grounded to floating ice (and vice versa). We conclude that there is no basis for the criticism, that these formulations and their

implementation provide a high resolution and complete description of both sea-level change and of the estimates of volumes of ice

exchanged with the oceans. The results from this formulation are confirmed by the entirely independent analyses of Milne et al.

(Quat. Sci. Rev. 21 (2002) 361) and Mitrovica and Milne (Geophys. J. Int. (2002), submitted for publication) who conclude that our

formulation is significantly more accurate than the procedure advocated by Peltier (Science 265 (1994) 195; Rev. Geophys. 36

(1998a) 603, Geophys. Res. Lett. 25 (1998b) 3955).

r 2002 Published by Elsevier Science Ltd.

1. Introduction

The redistribution of surface mass during the
accumulation and melting of the major ice sheets has
significant consequences for changes in sea level
throughout the Holocene and Lateglacial periods. The
accuracy of calculations of the crustal readjustment to
the surface loads and of the sea level is dependent on the
assumed response function for the Earth and the
definition of the ice and water loading functions. The
formalism for calculating the response of a Maxwell
visco-elastic sphere to surface loads, as well as the
definition of the surface load of ice and water, has
received extensive treatment, and its application to the
problem of glacial rebound has been considered in depth
(Peltier, 1974, 1998a; Cathles, 1975; Farrell and Clark,
1976; Nakada and Lambeck, 1987; Mitrovica and

Peltier, 1991; Johnston, 1993; Mitrovica, 1994; Milne,
1998; Milne et al., 1999; Kaufmann and Lambeck,
2000). The procedure for the calculation of the earth-
response function appears to be well established for the
linear Maxwell-earth models although some issues
remain: the validity of the assumption of linear
Maxwellian rheology, the thermo-dynamical behaviour
of phase boundaries during mantle deformation, and the
importance of lateral variability of lithospheric and
mantle response. Likewise, there is agreement on the
first-order solution of the sea-level equation for a given
set of response functions. Since the paper by Farrell and
Clark (1976) numerous improvements in the solution of
the sea-level equation have been made. These include
higher resolution solutions, with the surface loads
routinely expanded out to high spherical harmonic
degrees of 180, 256 or even 512 (e.g. Mitrovica and
Peltier, 1991; Lambeck, 1993; Johnston, 1995); the
introduction of time-dependent shorelines (e.g. Lam-
beck and Nakada, 1990; Johnston, 1993; Milne and
Mitrovica, 1998); the introduction of iterative solutions
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of the sea-level equation (e.g. Mitrovica and Peltier,
1991; Johnston, 1993, 1995); the introduction of a
consistent treatment of the ice load on shelf margins
and in shallow basins (e.g. Lambeck and Johnston,
1998; Lambeck et al., 1998; Milne, 1998; Milne et al.,
2002), and the introduction of the earth-rotation terms
(e.g. Han and Wahr, 1989; Milne and Mitrovica, 1996,
1998).

The improvements associated with the time-depen-
dent shorelines and the treatment of shelf ice are mainly
of a computational nature rather than representing
major conceptual advances and have become possible as
computational power has increased. Thus their imple-
mentation have not always been specified in detail. This
has been so for our papers where we have simply stated
the nature of the improvements made without providing
details on how they were implemented (although see
Johnston, 1993, 1995). This has given rise to claims that
the solutions by Lambeck and colleagues are faulty in
their logic (Peltier, 2002), although one may ask how
this assertion can be made when details have not been
presented in the papers questioned. Thus, in this
discussion we review the treatment of the ice and water
loads used in the solutions by Lambeck and colleagues
(e.g. Lambeck et al., 1998, 2002; Lambeck and
Johnston, 1998; Yokoyama et al., 2000; Lambeck and
Chappell, 2001) and demonstrate that these solutions do
represent rigorous formulations of the surface loads of
ice and water.

The discussion starts from the basic principles for
calculating global sea-level change established by Farrell
and Clark (1976) (Section 2). We then introduce the
successive refinements required to generalise this theory
to incorporate the effects of time-dependent shorelines
(Sections 3 and 4) and fluctuations between floating and
shelf-grounded ice (Section 5). In the discussions it is
assumed that the response functions of the Earth are
known. In our formulation this response is for a
spherically symmetric, compressible globe with realistic
depth-dependent elastic moduli and density (the PREM
model of Dziewonski and Anderson, 1981) and with a
layered viscosity structure, including either a very high
viscosity or elastic lithosphere. Most models have
consisted of a three-layer mantle, comprising a litho-
sphere, upper mantle from the base of the lithosphere to
the 670 km seismic discontinuity, and a lower mantle,
but in some instances (e.g. Lambeck et al., 1996;
Kaufmann and Lambeck, 2000) the upper mantle has
been further subdivided. The phase transition bound-
aries at 400 and 670 km are assumed to be either
adiabatic or material boundaries (Johnston et al., 1997)
although mostly the latter assumption has been made.
In addition the load obeys the following two conditions:

1. The total mass of water loading the earth’s surface is
conserved through time.

2. The ocean surface remains an equipotential surface
through time.

Other assumptions made in defining the surface load
include:

1. Topography, with the exception of load-induced
changes, remains constant throughout the glacial
cycle.

2. The exchange of surface load takes place entirely
between the ice sheets and the ocean basins (i.e. lakes
and other forms of ground- and surface-water storage
are ignored).

3. Ice and water density are each constant.
4. Thermal expansion and other contributions to sea-

level, including tectonic signatures, are neglected.

2. The sea-level equation for time-invariant ocean

geometry

Following the analyses of Farrell and Clark (1976) the
change in global sea level, DSðy; l; tÞ; due to an exchange
of surface mass between oceans and ice sheets is, for the
case where ocean geometry is invariant through time, of
the form

DSðy; l; tÞ ¼ Tðy; l; tÞ �/Tðy; l; tÞSo þ DMIðtÞ=rwAo;

ð1Þ

where DSðy; l; tÞ is the change in sea level at colatitude y;
longitude l; and time t relative to sea level at a reference
time t0: That is, DSðy; l; tÞ ¼ Sðy; l; tÞ � Sðy; l; t0Þ where
Sðy; l; tÞ represents the elevation of sea level relative to
topography at a point y; l on the earth’s surface at time
t: The quantity Tðy; l; tÞ is the sea level response to the
change in surface load DLðy; l; tÞ: This response includes
the combined isostatic effects of surface deformation,
gravitational change and rotational change, to the time-
dependent surface load of ice and water. /Tðy; l; tÞSo is
the value of T averaged over the area of the oceans ðAoÞ:
DMIðtÞ is the change in the mass of water contained in
the ocean basins resulting from the melting (or growth)
of the ice sheets since time t0: Both Tðy; l; tÞ and DMIðtÞ
are functions of DSðy; l; tÞ and the central issue is to find
a solution of (1) that is consistent with conditions (1)
and (2) stated above. In particular, it is necessary to
define a surface load L through time that ensures that
the ice–water system obeys the principle of ocean–ice
mass-balance as discussed below.

The cornerstone of the Farrell and Clark formulation
is the fact that ocean geometry is invariant—which
permits an identity to be drawn between the change in
sea level and the change in water depth, the two terms
being everywhere exactly equivalent in this instance.
This identity permits the application of the principle of
mass balance. The integral of the change in water depth
over the area of the oceans yields the volume of water
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added to (or taken from) the ocean basins during the
mass exchange in question. This quantity must be equal
to the corresponding volume of water taken from, or
added to, the ice sheets so that in this case we haveZ Z

oceanðtÞ
DSðy; l; tÞ dy dl ¼ DMIðtÞ=rw: ð2Þ

For the purposes of determining the surface load
through time we define the ice thickness, hIðy; l; tÞ; to
be the distance from the base of the ice sheet to the
surface of the ice sheet at a point at colatitude y;
longitude l and time t: Where there is no ice sheet we set
hI ¼ 0 (Fig. 1). The ice history starts at t0; prior to which
the planet is assumed to have been in isostatic
equilibrium. If sea-level predictions are restricted to
the last deglaciation t0 is usually taken to be the Last
Interglacial or in some instances an earlier interglacial.
The ice loading history is taken as a known input
parameter for the present purpose of defining rebound
and sea-level change.

We define a corresponding global water load function,
Sn; such that Sn ¼ S over the area of the oceans while
everywhere else we set Sn ¼ 0: Using these definitions,
and assuming that at no point is it the case that hI > 0 at
a point lying within an ocean basin, the change in
surface load since time t0 takes the form

DLðy; l; tÞ ¼Lðy; l; tÞ � Lðy; l; t0Þ

¼ ½rwSnðy; l; tÞ þ rihIðy; l; tÞ�

� ½rwSnðy; l; t0Þ þ rihIðy; l; t0Þ�

¼ rw½S
nðy; l; tÞ � Snðy; l; t0Þ�

þ rI½hIðy; l; tÞ � hIðy; l; t0Þ�

¼ rwDSnðy; l; tÞ þ riDhIðy; l; tÞ: ð3Þ

This equation evokes explicitly one of the significant
complications in the calculation of sea-level change,
namely that DS is dependent on the earth’s response to
the change in surface load, T (as in Eq. (1)), and the
change in surface load is in turn dependent on DS

(through the relationship between S and Sn). Eqs. (1)
and (3) may, however, be combined and a solution

obtained using an iterative procedure. As powerful and
elegant as this formulation is it nonetheless requires
refinement before it can be applied to the fully general-
ised problem of calculating sea-level change when ocean
geometry is permitted to vary with time and when ice
sheets on shelves alternate between being grounded and
floating.

3. Time-dependent ocean geometry

To generalise the theory to include the possibility of
time-dependent ocean geometry it is useful to introduce
two important quantities in the analysis of sea-level
change (Fig. 2). The first, htopðy; l; tÞ; is a measure of
topography (including regions below sea level) and
represents the elevation of the point on the earth’s
surface at colatitude y and longitude l measured relative
to the equipotential surface that coincides with sea level
over the surface of the oceans at time t (the geoid). It
then follows Sðy; l; tÞ ¼ �htopðy; l; tÞ (Fig. 2). The sec-
ond quantity, hoðy; l; tÞ; is a measure of bathymetry and
represents ocean water depth. This is taken to be the
distance from the ocean floor to the geoid at colatitude
y; longitude l and time t: At points lying above sea level
at time t; ho is set equal to zero. These two terms are
related by the equation

hoðy; l; tÞ ¼ maxf0;�htopðy; l; tÞg: ð4Þ

Using these quantities we may more generally define the
change in surface load.

If we consider a mass exchange between ice sheets and
oceans over the time interval ½t0; t1�; then for any point
y; l with an initial elevation of htopðy; l; t0Þ and a final
elevation of htopðy; l; t1Þ the change in sea level at this
point over the interval ½t0; t1� is, by definition

DSðy; l; t1Þ ¼Sðy; l; t1Þ � Sðy; l; t0Þ

¼ ð�htopðy; l; t1ÞÞ � ð�htopðy; l; t0ÞÞ

¼ � ½htopðy; l; t1Þ � htopðy; l; t0Þ�

¼ htopðy; l; t0Þ � htopðy; l; t1Þ: ð5Þ

Fig. 1. Definition of ice thickness ðhIÞ: hIðy; l; tÞ is the distance from the base of the ice sheet to its surface. A and D lie outside the ice sheet and hI is

zero at these points. B and C lie within the ice sheet so that hIðB; tÞ ¼ hB and hIðC; tÞ ¼ hC: Ice thickness is by definition always non-negative.
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Change in sea level is therefore allowed to be non-zero
even in areas that are at no stage within the oceans. This
permits calculation of lake-tilting, changes in river
gradients and similar phenomena that may be compared
with available observational data.

The corresponding change in water depth over the
interval ½t0; t1� is simply

Dhoðy; l; t1Þ ¼ hoðy; l; t1Þ � hoðy; l; t0Þ: ð6Þ

From Eq. (4) it follows that Eqs. (5) and (6) are in fact
identical for points that lie within the oceans at all times
(i.e. where htopðy; l; tÞo0 8tÞ: They produce different
results however in the case where htopðy; l; tÞX0 for
some t; that is, where ocean geometry is time dependent.

In the case where ocean geometry is permitted to vary
through time, then at a point which initially lies above
sea level and lies below sea level at time t1 (i.e.
htopðy; l; t0Þ > 0 and htopðy; l; t1Þo0Þ (Fig. 3a) it follows
from Eqs. (4) and (6) that the defined change in water
depth over the interval ½t0; t1� is

Dhoðy; l; t1Þ ¼ hoðy; l; t1Þ � hoðy; l; t0Þ

¼maxf0;�htopðy; l; t1Þg

� maxf0;�htopðy; l; t0Þg

¼ � htopðy; l; t1ÞaDSðy; l; t1Þ: ð7Þ

Similarly, for a point which initially lies below sea level
and finishes above sea level at time t1 (i.e. htopðy; l; t0Þo0

Fig. 2. Definition of topography, sea level and ocean water depth ðhtop;S; and ho): htopðy; l; tÞ is the elevation of surface topography with respect to

the geoid (represented outside the ocean by the dashed line). Sðy; l; tÞ is the elevation of sea level with respect to surface topography (i.e. S ¼ �htop).

hoðy; l; tÞ is ocean water depth, the distance from the ocean floor to the geoid. For the points in the diagram the following relations hold: Point A:

htopðA; tÞ ¼ hA > 0; hoðA; tÞ ¼ 0; Point B: htopðB; tÞ ¼ 0; hoðB; tÞ ¼ 0; Point C: htopðC; tÞ ¼ hCo0; hoðC; tÞ ¼ �hC: Note that ho is always non-

negative.

Fig. 3. Effect of shoreline migration. (a) Inundation: Point A lies above sea level at time t0 (i.e. htopðA; t0Þ ¼ hAðt0Þ > 0 and hoðA; t0Þ ¼ 0Þ: It is below
sea level at time t1ðhtopðA; t1Þ ¼ hAðt1Þo0; hoðA; t0Þ ¼ �hAðt1ÞÞ: The change in sea-level at point A in the time interval ½t0; t1� is therefore given by

DS ¼ hAðt0Þ � hAðt1Þ while the change in water depth at A (which corresponds to the change in water load) is Dho ¼ �hAðt1Þ: (b) Emergence: Point B

lies below sea level at time t0ðhtopðB; t0Þ ¼ hBðt0Þo0; hoðB; t0Þ ¼ �hBðt0ÞÞ and above sea level at time t1ðhtopðA; t1Þ ¼ hAðB; t1Þ > 0; hoðt0Þ ¼ 0Þ: The
change in sea level at point B in the time interval ½t0; t1� is given by DS ¼ hBðt0Þ � hBðt1Þ and the change in water depth at B is Dho ¼ hBðt0Þ:
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and htopðy; l; t1Þ > 0Þ (Fig. 3b) we have

Dhoðy; l; t1Þ ¼ htopðy; l; t0ÞaDSðy; l; t1Þ: ð8Þ

These results demonstrate that in the case where ocean
geometry is time dependent, the change in the defined
water load during the interval of a mass exchange
between ice sheets and oceans is not equal to the change
in sea level in regions where shoreline migration has
occurred. Thus, the form of the surface load should
more properly be written as

DLðy; l; tÞ ¼ rwDhoðy; l; tÞ þ riDhIðy; l; tÞ: ð9Þ

This expression is still a function of DS though the
dependence is slightly more indirect in this instance.
Eq. (1) therefore remains formally an implicit equation
in DS and iteration is still necessary to achieve a solution
for sea level.

Applying a similar argument the conservation of mass
term may more correctly be written asZ Z

oceanðtÞ
Dhoðy; l; tÞ dy dl ¼ DMIðtÞ=rw: ð10Þ

For a precise evaluation of sea level it is necessary to
solve Eq. (1) at each instant in time using the loading
function given in Eq. (9) and the mass conservation term
as given in Eq. (10). The loading history should formally
be evaluated over a series of infinitesimally small time
steps for which Eq. (1) will provide an exact solution.
This corresponds to an integral through time of a series
of instantaneous solutions, which may be approximated
numerically by summation of a series of step solutions
over time intervals in which the variation in ocean basin
geometry is assumed to be limited but non-zero.
Numerical integration over a series of consecutive time
intervals ð½t0; t1�; ½t1; t2�; etc.) is the approach employed
in the formulation used by the ANU group. For a
detailed analysis of the errors resulting from this
approximation see Mitrovica and Milne (2002).

Throughout this discussion we have so far neglected
to formally define what is meant by the region oceanðtÞ
used in Eq. (10) (and the analogous integral from Eq. (1)
for the quantity /Tðy; l; tÞSoÞ: Having gotten to this
point it is worth considering exactly what is meant by
the term ‘ocean basins’.

4. Formal definition of the ocean function

A formal definition of the term ‘ocean basins’ relies on
the ability to determine the elevation of a point with
respect to sea level through time. Before moving directly
onto a discussion of this definition it is appropriate to
consider how the elevation of a point with respect to the
geoid may be calculated at any time, t:

Consider a spherical earth whose present ðtpÞ surface
topography relative to the geoid is everywhere known

and given by the function htopðy; l; tpÞ: The ocean depth
function for the present epoch, hoðy; l; tpÞ; may then also
be derived at all points as per Eq. (4). If the history of
sea-level change is known over the time interval ½t0; tp�
then elevation of the geoid relative to surface topogra-
phy, Sðy; l; tÞ; can be calculated at any point, t; in this
interval at all points on the earth’s surface using the
relationship

Sðy; l; tÞ ¼Sðy; l; t0Þ þ DSðy; l; tÞ

¼Sðy; l; tpÞ � DSðy; l; tpÞ þ DSðy; l; tÞ: ð11Þ

Using the fact that Sðy; l; tÞ ¼ �htopðy; l; tÞ we can
reorganise Eq. (11) to yield

htopðy; l; tÞ ¼ htopðy; l; tpÞ þ DSðy; l; tpÞ � DSðy; l; tÞ: ð12Þ

From Eq. (12) it is clear that we can use the history of
sea-level change and the known values for present
topography to calculate the elevation of paleo-topogra-
phy relative to the geoid throughout the interval ½t0; tp�:
We can then deduce the location of the shorelines of the
ocean basins through time. This is a slightly circular
argument since the limits of the ocean basins must be
known in order to determine the regions of integration
for the water-loading and mass-balance terms in the
calculation of DS:However, an iterative solution may be
used to apply successive refinements to the ocean
function and define the water-loading function with
increasing accuracy over successive iterations.

Having shown that values for topography may be
obtained for all time steps in our calculation we move on
to the definition of ‘ocean basins’. It is standard to
define the oceans at time t to be those points on the
surface of the earth which lie below sea level (i.e. those
points for which htopðy; l; tÞo0; Fig. 4a). The ocean
basin at time t is not however the region over which the
mass-balance and water-loading terms should be calcu-
lated. If we consider the cases explored in Fig. 3a and b
we see that our definition of the ocean basin includes all
points for which sea level has risen in the interval ½t0; t1�:
It does not however include those formerly-inundated
areas in which sea level has fallen such that water-depth
is now zero (Fig. 4b). For the mass-balance and water-
loading terms to be correctly evaluated both newly- and
formerly inundated regions must be incorporated in the
corresponding integrations.

Restricting our attention to the case where hIðy; l; tÞ ¼
0 at all points within the ocean basins, we define the
ocean function

Oðy; l; tÞ ¼
1 if htopðy; l; tÞo0 ði:e: if hoðy; l; tÞ > 0Þ;

0 otherwise:

(

ð13Þ

We then define the augmented ocean function for the
time interval ½tj ; tjþ1�;Onðy; l; tj ; tjþ1Þ; by the relation

Onðy; l; tj ; tjþ1Þ ¼ maxfOðy; l; tjÞ;Oðy; l; tjþ1Þg: ð14Þ
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The augmented ocean function, Onðy; l; tj ; tjþ1Þ; is
therefore 1 if the point y; l lies below sea level at either
time tj or tjþ1: Defining our region of integration for the
mass balance term to be those points for which
Onðy; l; tj ; tjþ1Þ ¼ 1 we include both points that are
newly inundated and points formerly inundated which
now lie above sea level. For each time interval, ½tj ; tjþ1�;
in our numerical integration scheme we then calculate
the mass balance termZ Z

ocean

½Dhoðy; l; tjþ1Þ � Dhoðy; l; tjÞ� dy dl

¼
Z Z

globe

½Dhoðy; l; tjþ1Þ � Dhoðy; l; tjÞ�

� Onðy; l; tj ; tjþ1Þ dy dl

¼ DMIðtÞ=rw: ð15Þ

The change in surface load over this time interval is
calculated directly by applying Eq. (9) and requires no
reformulation.

We have assumed throughout our formulation that
ice thickness is identically zero over the ocean basins.
This cannot be guaranteed a priori however. For
example, ice sheets extending onto continental shelves
may still have non-zero ice thickness when the shelves
are inundated. Such is the case at various times for the
Antarctic ice sheet over the Ross Sea, the British ice
sheet over the North Sea, the Barents–Kara ice sheet
over the Barents sea and the Laurentide ice sheet over
Hudson Bay. The treatment of this contingency leads us
to discussion of the final generalisation of the theory of
Farrell and Clark as applied by the ANU group; the
case of floating ice.

5. Floating ice: formulation of the surface load

Our formulation of the loading function in Eq. (9)
relied on the fact that ice thickness and water depth are
never both non-zero. In the case where they are in fact

Fig. 4. Definition of the ocean functions ðO;OnÞ: In the absence of marine-based ice the ocean function Oðy; l; tÞ is equal to 1 at all points where

htopðy; l; tÞo0 and 0 at all other points. In (a) the ocean function is equal to 1 for all points to the right of point A and 0 at all points to the left of

point A. (b) illustrates a change in ocean geometry in the time interval ½t0; t1�: Points lying between A and B undergo an emergence in this time

interval while points lying between C and D undergo an inundation. The evaluation of sea level requires, among other things, calculation of the

change in water volume contained in the deforming ocean basins, the change in water load applied over the ocean basins, and the integral of this last

quantity over the area of the ocean basins. The ocean functions at epochs t0; t1 are Oðy; l; t0Þ;Oðy; l; t1Þ; respectively, but the integration is over the

ocean function Onðy; l; t0; t1Þ:
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both non-zero the analysis becomes necessarily more
complicated.

We consider a point y; l on the earth’s surface at time
t such that htopðy; l; tÞo0 and hIðy; l; tÞ > 0: Applying
Eq. (4), the water depth at this point is positive
ðhoðy; l; tÞ ¼ �htopðy; l; tÞ > 0Þ and from the definition
of the ocean function in the previous section this point
lies within the ocean basins. In the case where
ri hIðy; l; tÞXrw hoðy; l; tÞ however, Archimedes’ princi-
ple decrees that the ice column, being more massive, will
completely displace the water column and water
thickness is therefore zero (Fig. 5). In this instance the
ice column is grounded and the point y; l is not subject
to a water-load at time t and should therefore not be
included in the ocean basins.

Where ri hIðy; l; tÞorw hoðy; l; tÞ the ice floats and
the water thickness is reduced by the mass of water
displaced by the ice (Fig. 5). The quantity hoðy; l; tÞ in
fact represents the ‘nominal’ water depth, the depth of
water that would be present if ice thickness were zero at
this point. The actual thickness of water present at a
particular point y; l on the earth’s surface at time t is
given by the water-thickness term, hn

oðy; l; tÞ; defined by
the relation

hn

oðy; l; tÞ ¼ maxf0; hoðy; l; tÞ � rihIðy; l; tÞ=rwg; ð16Þ

where hoðy; l; tÞmay be calculated by combining Eqs. (4)
and (12). This term is zero where the nominal water
depth is zero (that is, at points lying above sea level) and
at points lying below sea level where the ice sheet is
grounded. It is non-zero at all points lying below sea

level where ice thickness is zero or the ice is too thin to
displace the entire water column and therefore floats.

In these circumstances it becomes necessary to amend
the definition of the ocean function and the ocean basins
given in the previous section. It is clear that points lying
below sea level at which the ice sheet is grounded should
not be taken to lie in the ocean basins and we need to
adjust our definitions appropriately. In the case where
non-zero ice thickness is permitted at all points we define
the ocean function

Oðy; l; tÞ ¼
1 if hn

oðy; l; tÞ > 0;

0 otherwise:

(
ð17Þ

The definition of the augmented ocean function given in
Eq. (14) remains valid. The region in which this function
is 1 defines the ocean basins at time t:

With the above definitions, the combined surface load
due to water and ice at any point is given by

Lðy; l; tÞ ¼ rw hn

oðy; l; tÞ þ rihIðy; l; tÞ

¼ rwhoðy; l; tÞ þ rihIðy; l; tÞ½1� Oðy; l; tÞ�: ð18Þ

The corresponding change in surface load since the
reference time t0 is then

DLðy; l; tÞ ¼ rwDhn

oðy; l; tÞ þ riDhIðy; l; tÞ: ð19aÞ

The first term represents the change in the water column
thickness from time t to time t0: It includes any change
in water depths resulting from shoreline migration in the
interval ½t0; t� or ice sheet growth into (or retreat from)
the ocean basins over the same period. The second term
represents the change in the ice load between the two

Fig. 5. Definition of water thickness and the ocean function ðhn
o and O): hn

oðy; l; tÞ represents water thickness, the distance from the ocean floor to the

surface of the water. Where there is floating ice the water column does not reach the geoid so that hn
o and ho will be distinct. For the points in the

diagram the following relations hold: Point A: rihIðA; tÞ > rwhoðA; tÞ > 0; hn
oðA; tÞ ¼ 0; Point B: 0ori hIðB; tÞorwhoðB; tÞ; hn

oðB; tÞ ¼ hoðB; tÞ �
rihIðB; tÞ=rw; Point C: hIðC; tÞ ¼ 0; hn

oðC; tÞ ¼ hoðC; tÞ: Note that hn
o is always non-negative. The possibility of ice grounded in what is nominally an

ocean basin requires re-definition of the ocean function to be 1 at all points for which water thickness is non-zero (i.e. hn
oðy; l; tÞ > 0 — which holds for

all points to the right of D in the diagram) and 0 at all other points.

K. Lambeck et al. / Quaternary Science Reviews 22 (2003) 309–318 315



epochs and includes changes in floating ice as well as in
grounded or land-based ice. Using Eq. (18), Eq. (19a)
can be re-written as

DLðy; l; tÞ ¼ rw½hoðy; l; tÞ � hoðy; l; t0Þ� þ rifhIðy; l; tÞ

� ½1� Oðy; l; tÞ� � hIðy; l; t0Þ½1� Oðy; l; t0Þ�g

¼ rwDhoðy; l; tÞ þ riDhIðy; l; tÞ

þ ri½hIðy; l; t0ÞOðy; l; t0Þ

� hIðy; l; tÞOðy; l; tÞ�: ð19bÞ

The sum of the first two terms in the above
equation, rwDhoðy; l; tÞ þ riDhIðy; l; tÞ; effectively in-
cludes the floating ice twice but the third term,
ri½hIðy; l; t0ÞOðy; l; t0Þ � hIðy; l; tÞOðy; l; tÞ�; explicitly
subtracts out the excessive contribution such that
water–ice mass is conserved.

An alternative to the introduction of the water-
thickness term would be to define a refined ice load
function hn

I ðy; l; tÞ ¼ hIðy; l; tÞ½1� Oðy; l; tÞ� that is iden-
tically zero over the ocean basins. Eq. (18) may then be
written as

Lðy; l; tÞ ¼ rwhoðy; l; tÞOðy; l; tÞ þ rih
n

I ðy; l; tÞ: ð20Þ

Such a formulation however requires that both the
water-load function (through the ocean function term)
and the ice-load term be re-calculated for each iteration
of the sea-level equation. The advantage of Eq. (19) is
that only the water-load term needs to be re-calculated
over successive iterations, reducing both the computa-
tional cost and memory requirements of the procedure.
Both approaches are valid and each requires some
adjustments to the theoretical foundations of the
calculation. Our discussion will hereafter focus on
Eq. (19a) and its derivatives which are the basis for the
floating ice code used by the ANU group.

Eq. (19a) represents an elegant and convenient term
for the water-loading term in the case including floating
ice. The chief complication for this formulation is
however the mass-balance term which is discussed in
detail below.

6. Floating ice: formulation of the mass-balance term

The quantity DMIðtÞ in Eq. (1) represents the change
in the mass of water contained in the ocean basins
resulting from the melting of the ice in the time interval
½t0; t� and can be calculated directly from the ice model.
The total mass of ice at time t is given by

MtotðtÞ ¼ ri

Z Z
globe

hIðy; l; tÞ dy dl ð21Þ

and, in the absence of floating ice, DMIðtÞ ¼ Mtotðt0Þ �
MtotðtÞ:
Once ice thickness and water depth at a particular

point y; l are such that at time t the ice floats (i.e.

rihIðy; l; tÞorwhoðy; l; tÞÞ; the ice at that point already
contributes its mass to the volume of water in the ocean
basin and it should not be included again if it later melts.
Thus, if we use the integral in Eq. (21) to calculate
DMIðtÞ we should restrict the region of integration to
areas where the ice is grounded or on land or,
alternatively, the amount of ice that floats at any time
needs to be specifically evaluated and subtracted from
MtotðtÞ: Because the ice load on shelves or within
shallow basins may experience a sequence of grounding
and floating phases we choose in our formulation to
compute the amount of floating ice at each epoch.
Whenever ice is grounded it is treated as above, but
when not grounded the floating ice mass is incorporated
into DMI; the mass of ice that has effectively melted and
contributes to the volume of water in the ocean basins.

From the definition of the ocean function given in
Eq. (17), the total mass of floating ice at time t is given
by

MfloatðtÞ ¼ ri

Z Z
globe

hIðy; l; tÞOðy; l; tÞ dy dl ð22Þ

and represents that portion of the ice at time t that
contributes to the volume of water in the ocean basin.
The mass of grounded ice at time t is MGðtÞ ¼ MtotðtÞ �
MfloatðtÞ and corresponds to the total mass of ice that is
not contributing to ocean water volume. It is the changes
in this latter quantity that should be incorporated into
the mass balance term DMIðtÞ in Eq. (1). The total mass
of water that has been added to the ocean basins in the
interval ½t0; t� now becomes

DMIðtÞ ¼MGðt0Þ � MGðtÞ ¼ ½Mtotðt0Þ � Mfloatðt0Þ�

� ½MtotðtÞ � MfloatðtÞ�; ð23Þ

which explicitly includes the mass of floating ice at time
t: The correct form for the mass-balance equation for
the interval ½tj ; tjþ1� then becomes

DMIðtjþ1Þ=rw ¼
Z Z

globe

½Dhoðy; l; tjþ1Þ � Dhoðy; l; tjÞ�

� Onðy; l; tj ; tjþ1Þ dy dl

¼
Z Z

globe

½Dhn

oðy; l; tjþ1Þ � Dhn

oðy; l; tjÞ� dy dl

þ ri=rw

Z Z
globe

½hIðy; l; tjÞOðy; l; tjÞ

� hIðy; l; tjþ1ÞOðy; l; tjþ1Þ� dy dl

¼
Z Z

globe

½Dhn

oðy; l; tjþ1Þ � Dhn

oðy; l; tjÞ� dy dl

þ ri=rw½Mfloatðtjþ1Þ � MfloatðtjÞ�: ð24Þ

Eq. (21) is therefore in error by the quantity MfloatðtÞ �
Mfloatðt0Þ: If ignored, this would propagate through
Eq. (1) into the calculated values for sea level.

To incorporate the effects of floating ice and time-
dependent ocean geometry, the definition of the ocean

K. Lambeck et al. / Quaternary Science Reviews 22 (2003) 309–318316



function given in Eq. (17) should be used and the
surface-load term from Eq. (19a) should be combined
with the mass-balance term given in Eq. (24). Eq. (1)
may then be solved iteratively over a series of small time
increments (typically 1 or 0:5 ka in the ANU imple-
mentation) to obtain a full solution for sea-level change
as discussed above.

7. Conclusion

The above solution of the sea-level equation describes
the procedure that is used in the formulation of the
glacial rebound and sea-level change programs devel-
oped by the ANU group. This procedure has been
progressively implemented up to about 1997 and has
formed the basis for subsequent publications by the
group. (See, for example, descriptive comments in
Lambeck and Johnston, 1998, p. 471; Lambeck et al.,
1998, p. 115; Lambeck and Chappell, 2001, p. 681.) This
formulation provides an accurate definition of the water
load through time, including the consequences of the
migration of shorelines, the movement of ice across
continental shelves and the transitions from grounded to
floating ice or vice versa. It also permits accurate
estimates to be made of the changes in ice volume
through time. In particular, estimates of the grounded
ice volume since the last glacial maximum inferred from
far field sea-level data time (Yokoyama et al., 2000;
Lambeck et al., 2000, 2002) are reliable. This accuracy
has recently been confirmed by the independent analyses
of Milne et al. (2002) and Mitrovica and Milne (2002).
In particular, Milne et al. (2002) conclude ‘Our results
for the Bonaparte Gulf data are consistent with the
recent study by Yokoyama et al. (2000)’ and Mitrovica
and Milne (2002) state ‘that the theories applied by
Johnston (1993), Milne (1998) and Milne et al. (1999)
are significantly more accurate than the procedure
advocated by Peltier (1994, 1998b)’. Peltier’s original
claim of faulty logic is not based on an understanding of
the procedures we used but on the fact that his original
estimate of eustatic sea-level change since the LGM
(120 m) did not agree with our results (135 m), the latter
confirmed by Milne et al. (2002). Curiously, his recent
‘improvement’ (Peltier, 2002) has brought his estimate
into agreement with our results but he still maintains his
criticism that we got to the right answer by faulty logic.
But as demonstrated convincingly by Mitrovica and
Milne (2002) the imprecision in the sea-level algorithm
lies in the papers by Peltier (1994, 1998b).
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