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Summary. The Chandler wobble Q, as obtained from the astronomical data 
cannot be equated with the Q, of the source of damping, as an examination 
of Chandler wobble energetics reveals. We find that if dissipation occurs in 
the mantle then Q, = 9 Q,, implying that either the mantle Q is frequency 
dependent or the wobble Q is much larger than 100. If the dissipation is in 
the oceans then Q, = 20 Q,, and the pole tide must be far from equilibrium. 

Introduction 

The Q of a linear oscillator is usually defiied as 

AE 

where AE is the amount of energy dissipated in one cycle of the oscillation and E is the 
energy stored in the cycle. When applied to the Chandler wobble this relation is often 
written as 

where E, is what we will call the rigid wobble energy. Sometimes, (e.g. Munk & MacDonald 
1960), the total energy stored in the wobble is taken as 2 E,. 

Merriam (1976), Jeffreys (1976) and Stacey (1969, 1977) have pointed out that, if the 
wobble energy is dissipated by anelastic working of the mantle, Q, cannot be compared 
directly with seismic Q’s, of, for example, a second degree spheroidal free oscillation. The 
reason is that most of the wobble energy is associated with rigid body rotation whereas the 
rate of dissipation of this energy is associated with the amount of elastic strain energy. As 
a consequence, Q, must be larger than the mantle Q, denoted by Q,. An order of 
magnitude estimate by Stacey (1977) suggests that 

Q ,  = 0.1 Q,. ( 2 )  



282 

The analyses by Merriam and Stacey are incomplete and we present here a more refined 
estimate of this relation and examine some of the details of the Chandler wobble energetics. 
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Wobble energetics 

In the initial state, body fured axes x j  are rotating about themselves at rates 

wj = L?(m,, m2, 1 t m 3 )  

where f2 is a uniform angular velocity. The instantaneous rotation axis w is assumed to lie 
close to x3 so that m and m2 are small and represent the direction cosines of w relative to 
xi .  The instantaneous rate of rotation about w is Q(l t m3).  In the final state, when the 
wobble is completely damped, the rotation vector is defined as 

wj = 52(0,0, 1). 

This determines 52. As angular momentum is conserved 

or 

1 I:, m3 = - - 1 (mi + m : ) .  
2 133 

(4) 

This determines m3. Ijk is the instantaneous inertia tensor. With adequate precision Ijk can 
be considered as constant in the equation (3). 

The kinetic energy of the wobble in this initial state is 

where 6 are the velocities of a particle dM relative to an inertial reference frame. If vi are 
the velocities relative to the body-fixed axes x i  

V = v + w A ( r  + u) 

where r is the position of the particle, relative to xi, in the undeformed state, and r t u is the 
position in the deformed state. Then 

The first term 

is the kinetic energy due to motion of particles relative to the body-fixed axes. The second 
term is the additional kinetic energy due to the rotation of the instantaneous inertia tensor 
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I i k .  From Munk & MacDonald (1 960) 
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I& is the inertia tensor of the body, flattened by uniform rotation at rate R. kz is the Love 
number of degree 2 specifying the deformation of the body subjected to a centrifugal 
potential, harmonic in degree 2 .  R is the radius of the body and G the gravitational constant. 
Substituting equation (6)  into equation (5) with equation (3), gives 

K E = E ,  + E l  t E 2  ( 7 4  

where 

i E, = %I:, HQ2(m: t m i )  t ?hI&R2 

i k2 

k0 
E2 = 34 - I:l HR2(m: t m i )  

H = (I&Ifl) /I& is the precession constant. 

and 

m = (mi + m:)'" 

is the amplitude of the wobble. The Er constitutes the kinetic energy of the rigid body 
rotation and E2 is due to the deformation of the body. The Love number k2  is an effective 
Love number and must include the effects of the ocean pole tide and of the inability of the 
mantle wobble to excite any motions in the fluid core. A Chandler effective Love number 
that increases the wobble period from the rigid body value of 305 days to the observed 
value of 434  days is 0.28. 

In the initial state the total energy of the Earth, now complete with oceans, is 

6 
E = E , +  1 E, 

j +  1 

where E3 is the kinetic energy in the ocean pole tide, relative to the rotating frame, E4 is 
the gravitational potential energy of the mantle deformation, E5 is the strain energy in the 
mantle, and E6 is the gravitational potential energy in the ocean tide. 

The energies Ej are proportional to the square of the wobble amplitude because, for E5 
for example, the centrifugal force generated by the wobble is proportional to the amplitude, 
m,  and the displacement through which the centrifugal force does work is proportional to 
the potential of this force, and hence to m. In the final state 

E' = E f  (8b) 
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and the rate at which energy is dissipated is 
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dE d 
d t  dt  
- = - ( E - E ~ ) .  (9) 

For small damping by anelastic working of the mantle 

dE Es 
- U - ,  

d t  Qm 
- -  

where Q, is the appropriate mantle Q for a degree 2 deformation. With equations (8) 
and (7) 

where 

f . d  d 

d t  d t  
E: =- Ei = -  (E, - E,) .  

With the definition (1 b) of the Chandler wobble Q, 

Then the relation between Qm and Q, is 

and, since the energies are proportional to m2, these ratios of the rates of change are equal 
to the ratios of the quantities themselves, so that 

From equation (7b) 

E: = '/2111H!22m2 

The energies E , ,  E4 and E5 follow from expressions given by Kovach & Anderson (1967) 
and by Crossley & Smylie (1975'). We obtain* 

6.99 x 1033m2 erg. 

E l  = 1.06 x 1025rn2 erg 

E, = 1.56 x 1033m2 erg 

E~ = 1.43 x i0j3m2 erg. 

The kinetic energy due to the relative motion is much smaller than E4 and E5 since it is 
proportional to the square of the Chandler frequency, whereas E,  and ES depend only upon 

*We have ignored the much srnallcr contributions resulting from the readjustment of the body to  the 
change in the zonal part of the centrifugal force potential. 
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the displacements. E,, from equation (7b), is given by 

kz 

k0 
E,=- . Ei = 2.07 x 1033m2 erg. 

The kinetic energy of the ocean tide in the rotating frame, E3,  cannot be evaluated 
without a complete solution for the pole tide. An estimate can be obtained from the kinetic 
energy density in a freely propagating shallow (i.e. depth small compared with wavelength) 
water wave (Phillips 1969). For a wave with the dimensions and frequency of the pole tide 
this yields 

E ,  = 1 OZ7m2 erg, (1 1c) 

and is small compared with the other Ei.  The gravitational potential energy in the pole tide 
is 

E6= %pg J~ E2 dS 
s 

where is the pole tide amplitude relative to the Earth’s centre of mass, p is the density of 
sea water and g is the acceleration of gravity. The integral is over the ocean surface. If U is 
the potential of the centrifugal force 

Then 

R2 

g s  
E6= %p(l  t k2)’--- 1 U z  ds 

71 R6 !2‘ 

15 L? 
= -  p( l  t k 2 ) 2 - - a o , 0 ,  

where ao, = 0.70 is the zero degree term in the ocean expansion. Then 

E6 - 0.450 x i ~ ~ ~ m ~  erg. ( 1 1 4  

Self attraction and loading could change this figure by about 20 per cent and departure 
from equilibrium could increase it at most by a factor of two. 

Substituting equations (1 1) into equation (10) gives 

Q, = 8.75 Q,. (12) 
A similar relation can be derived between the Q of the oceans, Q,,, and the wobble Q. 
Oceanographers usually define the ocean Q in terms of the total energy (kinetic plus 
potential) in the tide (e.g. Garret & Munk 1971) so that the relation between Q, and Q, 
follows from equation (10) as 

or 

Q w =  19.7Q0. 
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Discussion 

The above results have some severe consequences for any discussion of dissipation of wobble 
energy in the mantle or oceans. Accepting that the wobble Q is of the order of 100, then 
Q ,  = 11, compared with about 500 for a spheroidal free oscillation of degree 2 (Anderson 
& Hart 1978). If the mantle is to supply all of the damping of the wobble then either the 
wobble Q ,  as derived from the polar motion data, must be much larger than the often 
quoted 100, or, Q, is strongly frequency dependent. A wobble Q larger than 100 is not 
excluded by the data but a more precise value must await more detailed knowledge of the 
excitation. The frequency dependent mantle Q recently proposed by Anderson & Minster 
(1979), in which 
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can marginally accommodate both the Chandler Q, at a period of about 104hr and the 
seismic Q, at a period of 1 hr. 

If the wobble energy is dissipated in the oceans, a pole tide Q,, of about 5 is required. 
There is little observational evidence on the global pole tide (see Lambeck 1979, for a 
review) but in some areas, notably the North and Baltic seas, the pole tide is considerably 
enhanced compared with the equilibrium tide (Miller & Wunch 1973). Wunch (1974), by 
extrapolating from the North Sea to other shallow seas, estimated that the rate of dissipa- 
tion of pole tide energy may be in the range of 4 x 10” erg/s to 4 x lO”erg/s. With equation 
(1 Id) as a lower bound on the energy in the tide this results in 

as an estimate of the lower bound of Q,, compared with about the required 5 if all the 
wobble energy is dissipated in the ocean. 

References 
Anderson, D. L. & Hart, R. S., 1978. Attenuation models of the Earth, Phys. Earth planet. Interiors, 16, 

Anderson, D. L. & Minster, J .  B., 1979. The frequency dependence of Q in the Earth and implications for 

Crossley, D. I. & Smylie, D. E., 1975. Electromagnetic and viscous damping of core oscillations, Geophys. 

Garrett, G. J .  R. & Munk, W. H., 1971. The age of the tide and the “0” of the oceans, Deep Sea Res., 

Jeffreys, H., 1976. The Earth, 6th Edn, Cambridge University Press. 
Kovach, R. L. & Anderson, D. L., 1976. Study of the energy of the free oscillations of the Earth, J. 

Lambeck, K., 1979. The Earth’s Variable Rotation: Geophysical Causes and Consequences, Cambridge 

Merriam, J .  B., 1976. The dissipation of tidal energy in the solid Earth, thesis, York University, Toronto, 

Miller, S. P. & Wunch, C., 1973. The Pole Tide,Nature, 246,97-102. 
Munk, W. H. & MacDonald, G. J. F., 1960. The Rotation o f  the Earth, Cambridge University Press, 

Phillips, R. J., 1969. The Dynamics of the Upper Ocean, Cambridge University Press, Cambridge, 261 

Stacey, F. D., 1969. Physicsof the Earth, 1st Edn, John Wiley & Sons, New York, 324 pages. 
Stacey, F. D., 1977. Physics of the Earth, 2nd Edn, John Wiley & Sons, New York, 414 pages. 
Wunch, C., 1974. Dynamics of the pole tide and the damping of the Chandler wobble, Geophys. J., 39, 

289 -306. 

mantle rheology and Chandler wobble, Geophys. J. R.  astr. Soc., 58,431. 

J.  R .  astr. Soc., 42, 1011- 1034. 

18,493-503. 

geophys. Res., 72,2155-2168. 

University Press, in press. 

97 pages. 

Cambridge, 323 pages. 

pages. 

539-550. 


