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ABSTRACT 

Nakiboglu, S.M. and Lambeck, K., 1981. Deglaciation related features of the Earth’s grav- 
ity field. Tectonophysics, 72: 289-303. 

The Earth’s gravity field is partly a consequence of the delayed rebound of previously 
glaciated regions and this is most readily seen in the negative anomalies over the Hudson 
Bay, Gulf of Bothnia and the Central Siberian Plateau. Globally the relation between 
deglaciation and gravity is complicated by the redistribution of the melted ice over the 
oceans and the deglaciation effects on gravity extend far beyond the boundaries of the 
former ice loads. In this paper we have computed the contribution to the observed poten- 
tial of the redistribution of mass associated with the Late Pleistocene deglaciation and 
found that this is not an insignificant amount. In particular, this contribution exceeds that 
arising from the Earth’s isostatically compensated topography. The observed potential has 
been corrected for both effects but while details in the geoid or gravity anomaly represen- 
tation change, the power spectrum is not significantly modified. In particular, the decay 
of the corrected spectrum remains very similar to that observed. 

INTRODUCTION 

A perusal of recent solutions of the Earth’s gravity field (e.g. Lerch et al., 
1979) leads to the suggestion that areas subjected to glaciation in the Late 
Pleistocene now correspond to negative gravity anomalies. Most notable is 
the broad negative over the Hudson-Bay area of Canada but smaller negative 
anomalies also occur over the Gulf of Bothnia and over the Central Siberian 
Plateau. Together with uplift data, these gravity anomalies have been used to 
estimate the viscosity of the upper mantle (see, for example, Vening Meinesz 
(1937) for Fennoscandia, and Innes (1960) for the Canadian Shield). Glob- 
ally, any relationship between gravity and areas of past glaciation is unclear 
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for several reasons. These include (1) much of the relaxation has already 
occurred and the residual gravity anomalies are relatively small, (2) because 
the departed ice mass has resulted in a global redistribution of surface mass -- 
the concurrent sea-level changes reaching up to 100 m over large areas of the 
Pacific Ocean (Farrell and Clark, 1976) - the deglaciation effects on gravity 
extend beyond the boundaries of the immediate ice loads, and (3) other, 
more dominant factors contribute to the anomalous gravity field. To single 
out any one feature for special treatment has obvious drawbacks; in partic- 
ular, many of the world’s large shield areas are associated with negative grav- 
ity anomalies (Kaula, 1972) but only some of these have also been subject to 
major ice loading in recent times. 

Despite these difficulties there have been several attempts at relating the 
gravity field to the after-effects of deglaciation. Wang (1966) suggests that 
the non-hydrostatic flattening and the third degree zondt harmonic of the 
geopo~ntial could be explained in this way. O’Connell (1971) ruled this out 
and he also concluded that there was no significant correlation between the 
ice load and global gravity although he did not consider the effect of the 
redistribution of the ice mass over the oceans. More recently, Khan and 
O’Keefe (1974) suggested that the large Antarctic negative anomaly, centered 
over the Ross Sea, could be related to deglaciation effects although Kaula 
(1972) had already ruled this possibility out since it would have led to a rise 
inaea level much greater than has actually been observed. 

Ongoing viscoelastic response to deglaciation is, however, still evident in 
the second degree harmonics of the geopotential as is witnessed by the 
secular non-tidal acceleration and polar wander of the Earth (Nakiboglu and 
Lambeck, 1980; referred to hereafter as Paper 1). Because of this it is of 
interest to re-investigate the contribution that deglaciation effects have made 
to the present gravity field not because we consider that these contributions 
are the dominant causes of gravity anomalies, but rather, to “correct” the 
gravity solutions for this effect. 

To do this we have modelled the Earth as a viscoelastic Maxwell body, 
ignoring thereby all evidence that suggests that a non-linear rheology may be 
more appropriate, in order to preserve a ma~ematic~y simple solution. We 
justify this choice by the fact that it seems to work in other deglaciation 
problems (e.g. Peltier et al., 1978; Paper 1) and that we are mainly interested 
in order of magnitude effects. To solve the problem we first consider the 
ice-water exchange on a rigid Earth and investigate the correlation of this 
surface load potential with the observed potential. Next we evaluate the 
deformation of the Earth under this load using the Love operator approach 
and evaluate the resulting gravity and geoid changes. 

RBDISTRIBUTION OF ICE AND WATER LOAD DUE TO DEGLACIA~ON 

The temporal and spatial distribution of the Laurentide and Fennoscandia 
ice sheets during the Late Pleistocene has most recently been computed by 
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Peltier and Andrews (1976) and we use here the 10” X 10” area means dis- 
cussed in Paper 1. The ice melting history is modelled as a linear function of 
time. The start of deglaciation is taken at t = 0 and occurred 18,000 years 
before the present. The epoch at which melting was completed occurred at 
about 6000 years before the present. The thickness ci of the ice at a point 
with colatitude 8, longitude X and at time t is: 

{i(e,x;t)=fi(B,X)t, l-H(t,--)+iH(I,-_t)] 
[ (I) 

0 

where ri is the constant deglaciation rate in the interval 0 < t < t,. The 
Heaviside unit step function is defined as: 

i 

1 o<t<t, 
H(t, -t) = 0 t> t, 

3 t = t, 

The resulting change in sea level on a rigid Earth can be computed by observ- 
ing that the static sea surface remains an equipotential and that the total ice 
and ocean mass is conserved. The problem leads to an integral equation (Far- 
rell and Clark, 1976) which admits of an approximate solution, as given in 
Paper 1: 

(2) 

In this equation: 
{,(0, A; t) is the change in ocean height on the rigid Earth, 
a,, is the zero degree harmonic coefficient of the ocean function, 
Pi, pw, pe are the densities of ice, water and the Earth, respectively. 
9 is the geocentric angle between (0, h) and the moving point at the area 
element dLJ(8’, h’) on a unit sphere, 
dS2 = sine’ de’ dh’, 
Q, is the ocean area, 
!L3i is the ice area, 
( ) indicates the value of a quantity averaged over the oceans. 

With eqs. 1 and 2 and with the 10” X 10’ average yearly changes of ice 
thickness based on the Peltier and Andrews compilation the average yearly 
changes of sea level have been computed for 10’ X 10’ ocean areas (see Fig. 
2 of Paper 1). The height of the global load at a given point can be written 
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similarly to (1) as: 

~(8, x, t) = &e, A) 2, I - fi(t, - q + i;l- fqt, - t)] 
0 

where 

C, and Ci are the ocean and ice functions. The former is defined as: 

1 on the oceans 
c, = 

0 elsewhere 

(31 

and the latter is similarly defined for the ice areas. The gravitational poten- 
tial of this load on a rigid Earth can be represented in a spherical harmonic 
expansion as : 

C&-, 0, A) =F c (‘)n+l A;,,, T(t) &,,(8, A) 
i,n,m r 

where G is the gravitational constant and M the mass of the Earth of mean 
radius R. The &,,(O, h) ~~n,(cosl?) (6t, cos mh + Si2 sin mh) are normal- 
ized surface spherical harmonics and : 

(5) 

with: 

T(t) = 1 -H(t, - t) ++- Wt, - t) (6) 
0 

The coefficients Ainm have been computed up to degree and order 16 by 
numerical integration of (5) and the combined ice and water height data 
used in Paper 1. 

CORRELATION OF THE LOAD POTENTIAL WITH THE OBSERVED 
GEO-POTENTIAL 

Before proceeding with the study of the response of the Earth to this load 
we will investigate, in a preliminary manner, the correlation between the 
potential 4 and the potential of the presently observed gravity field. This 
should indicate whether the present field contains significant signatures of 
past deglaciation and, if it does, at what wavelengths. 

The non-hydrostatic part of the exterior gravitational potential of the 
Earth is: 

(7) 
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In this expansion: 

where c,, and the s,,,,, are the observed normalized coefficients of the geo- 
potential. The Jn, are the normalized zonal coefficients describing the 
hydrostatic equilibrium state. That is (Nakiboglu, 1979) & = -480.5163 . 
10-3,J~0 = 1.212 - 10s6, Jzn < O(Jg) for n > 2. 

A measure of the correlation between U and 4 is given by the degree cor- 
relation coefficients: 

where V”( ) represents the degree variances. For example: 

E(U) = c c (c&,)2 
i m 

Figure 1 illustrates the correlation coefficient together with the corre- 
sponding correlation between U and the equivalent rock topography of Bal- 
mino et al. (1973). At first glance it would seem from this result that the 
gravitational potential carries some signatures of past glaciation at wave- 
lengths corresponding to 5 < n f 11. However, this is mainly a consequence 
of the fact that the deglaciation process emphasizes the ocean--continent dis- 
tribution by removing mass from continental areas and distributing it over 
the oceans; any phenomena involving mass rearrangements which follow the 
ocean-continent distribution can be expected to correlate partly with the 
gravity field. The correlation between gravity and the ocean-continent dis- 
tribution is partly a consequence of the isostatic compensation of the con- 
tinents (Lambeck, 1976) but it is also a consequence of plate boundaries - 
particularly the subduction zones which roughly coincide with continental 
margins -having pronounced gravity signals. While this latter contribution 
will undoubtedly be the dominant one, it demonstrates the potential impor- 
tance of removing the deglaciation effects - and for that matter any crustal 
effects - from the observed gravity before the observed gravity is interpreted 
quantitatively in terms of mantle convection. 

Deformations characterized by different wavelengths will decay at dif- 
ferent rates and short wavelengths in the surface potential can be expected 
to result in a better correlation with the observed potential than the long 
wavelengths. This is illustrated in Fig. 2 where the ratio (1 + h,) &/$, is 
plotted as a function of degree. The 12, are the Love numbers introduced 
below. For a viscoelastic Earth immediately upon the removal of the load 
k, = k: (the elastic Love numbers). For the present date k, = k”,, the visco- 
elastic Love number evaluated at t = 18,000 yrs (see p. 294). Such trends in 
the correlation are not, however, apparent in Fig. 1. 
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Fig. 1. Degree correlation coefficients of the geopofential model of Lerch et al. (1979) 
with ((Y) the ice and water load, and (0) the equivalent rock topography. 

Fig. 2. The ratio (1 + k,) &/@, where & is the load potential. For an elastic response 
k, = ki, the elastic Love number (curve 1). For a viscoelaetic response k, = kz (curve 2). 
The visoelastic Love numbers correspond to the epoch 18,000 yrs in the ice-load h&tory 
of eq. 1. The amount of viscous relaxation that has occurred in this interval is indicated 
by curve 3, and indicates that long wavelengths have relaxed more than short wave- 
lengths. 

VISCOELASTIC RESPONSE OF THE EARTH 

A convenient way of representing viscoelastic deformations and the result- 
ing perturbationa in the gravitational potential is by the Love number for- 
malism. The stress+zain relations for a viscoelastic, homogeneous and iso- 
tropic volume, initially in hydrostatic equilibrium, are: 

where utj and cy are the stream and strain tenuora, ~1 is the rigidity, r) the New- 
tonian viscosity and X is the second LamC constant. Equation 9 can be put 
into a form analogous to the elastic stre6s~rain relations using the corre- 
spondence principle, (e.g. Bland, 1960), or: 

Uij = XEkk6ij + 2fiE*j 

where fi and fi are Lame operator8 defined by: 

(10) 

fi = ALI + f’(h + $44 
D + r-l 

p=sL 
D + T-’ 

I 

I (11) 
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D is the differential operator d/dt (Jeffreys and Jeffreys, 1966) and T = q/p 
is the relaxation time. Once the elastic problem is solved, the viscoelastic 
solution follows by replacing X and p with fi and c. For a homogeneous iso- 
tropic incompressible elastic sphere, the load Love numbers are (Munk and 
MacDonald, 1960): 

he, ~-1 
l+Nji 

h; ‘$(n+i)k”n (12) 

with : 

and : 

ji = 19p/2p,gR . 

For the viscoelastic Earth the response to a potential I$, will be (c.f. Peltier, 
1974) 

A& = [I+ C(D)1 4, (13) 

and: 

U” = K(D) &,/g 

where A& is the potential due to the load and the Earth’s deformation and 
U, is the radial deformation of the planet. With the correspondence principle : 

k’,=- ’ 
1 +Np*’ 

hV, =;(n +a) k", 

where : 

p* = 19ji/2p,gR . 

Combining eqs. 12 and 14 and with the definition (11): 

l+ke, 1 
I+----_-- 

7 D - ke,/r 

h’: = he, 
l+k; 1 

1 + ~ 
7 D - k;/r 

(14) 

1 (15) 

Substituting these viscous Love numbers into eqs. 13 gives the time-depen- 
dent response of the body. The problem with using the definitions (12) for 
an elastic Earth is that the elastic response at all wavelengths is determined 
by only a single parameter /i. Hence in (15) we will use not (12) but values 
computed for a layered Earth with the density and elastic moduli distribu- 
tion of the model given by Dziewonski et al. (1975). 

Table I summarizes the results, based on the above-mentioned Earth model 
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TABLE 1 

Elastic load Love numbers kz and h: for the Earth model of Dziewonski et al. (1975) 
___ _ __ ..-.__.._ .____- 

II --k: -h ;, n ---k; -4 
______ ----.-..-- -----.-- -_- ------- - _ . - ._.. -- . . 

I 0.0 0.290 9 0.074 1.351 
2 0.309 0.993 10 0.071 1.421 
3 0.198 1.050 11 0.068 1.488 
4 0.135 1.051 12 0.065 1.552 
5 0.106 1.084 13 0.063 1.613 
6 0.092 1.141 14 0.062 1.671 
7 0.083 1.210 15 0.060 1.727 
8 0.078 1.281 16 0.058 1.780 

__.____~. 

and the formalism of the free oscillation equations as developed by Altermann 
et al. (1959). The resulting viscoelastic Love numbers (15) represent the 
behaviour of the layered Earth sufficiently well (see Appendix). This is so 
especially if the viscosity is high and t is of the order T or longer. Peltier’s 
(1974; 1976) viscoelastic Love number histories also demonstrate the 
exponential behaviour with a rate of relaxation proportional to ks for viscos- 
ities of 1O23 poise. 

EFFECTS OF DEGLACIATION ON GRAVITY AND ON GEOID HEIGHT 

With respect to the centre of mass of the earth, the change in the geoid 
height due to the combined effect of the load potential and the Earth’s 
deformation is given by : 

&N(D) = c (1 + k;)ff 
” 

Substituting (4), (6) and (15) into this expression gives: 

and integrating over time: 

sN(t) = R 7 C C Ni,,(t)Bi,,(O, X) 
n m 

where: 

Ninm(t) = A;,,(1 + k:) + 
0 R 

(exp(kE +)-exp[kE (tTto’]) 

(16) 

Figures 3a and 3b illustrate the present geoid with reference to the hydro- 
static figure before and after the removal of the deglaciation effects omitting 



Fig. 3. a. The observed geoid with reference to the hydrostatic figure including harmonics 
2 < n < 12. The contour interval is 10 m. b. The geoid corrected for deglaciation effects. 

the first degree harmonics and assuming a uniform mantle viscosity of 1O23 
poise (Paper 1). The only appreciable difference between the two geoids 
occurs over the immediate areas’ of glaciation and the change of sign of N 
over the Hudson Bay region may be suggestive of a mantle viscosity that is 
somewhat too high. Elsewhere geoid heights have changed from a few meters 
to more than 10 m in the northwest Pacific Ocean. The negative anomalies 
over the Central Siberian Plateau and Antarctica have changed little since 
these areas were not included in the ice-load history. 

The non-hydrostatic potential of the Earth, after removal of the estimated 
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glaciation effects, is : 

V’(D) = %E c c c (“)“” B,“,(D) Ri”,(8, h) 

i n m F 
Wi 

where : 

&“,uJ) = G”, - 11 

Some low degree 
have been evaluated 

+ ki’t(D)I Ainm . 

harmonic coefficients.of the deglaciation potential 6V 
for the present, that is t = 18,000 yrs. They are com- 

pared in Table II, for selected degree and order with the observed values and 
with the potential coefficients of the Earth’s isostatically compensated topog- 
raphy, namely : 

Hilrn =3p, ’ 5 &~-(~)I]hilmRi”,(B,X) 
P,R I 

(18) 

where hi,,,, are the normalized coefficients in the spherical harmonic expan- 
sion of the equivalent rock topography, pc is the density of the crust and D 
the average crustal thickness. 

The first degree harmonics in the deglaciation potential reflect the shift 
that occurred in the position of the center of mass of the Earth. Excluding 
the ice load itself, the shift is -4, 6 and -20 m in x, y and z, respectively, 
and is predominantly southwards. The deglaciation contribution to the non- 
hydrostatic bulge is about 20% of the total and reduces the discrepancy 
between the observed and hydrostatic values. The equatorial bulge is reduced 

TABLE II 

Some coefficients of observed degiaciation and isostatic gravitational potentiais of the 
Earth (in units of 10-O) 

n m Grav. potential a Deglaciation potential b Isostatic potential ’ 

C;“, c&Vn (1 + +%a,,, (1 + kV,)-%,, Hlnm 112nrn 

1 0 -3.06 
1 1 -0.58 
2 0 -3.65 -0.72 
2 1 -0.18 
2 2 2.43 -1.40 0.16 
3 0 0.96 -0.31 
4 0 -0.67 -0.04 
5 0 0.07 0.26 
6 0 -0.15 0.25 
7 0 0.09 0.24 
8 0 0.05 0.13 

0.98 
0.16 

0.56 0.09 0.10 
-0.02 -0.13 -9.02 

-0.08 
0.13 

-0.20 
0.10 

-0.10 
0.02 

* From Lerch et al. (1979). b At present epoch. c Equation 18 with D = 30 km 
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by about 7%. The third degree zonal harmonic describing the equatorial 
asymmetry is increased when the deglaciation correction is applied as could 
be anticipated from heuristic consideration. This harmonic could only be 
reduced if there has been a substantial deglaciation of Antarctica but this is 
incompatible with the sea-level changes that have been observed since the 
Late Pleistocene. If the most recent major Antarctic deglaciation occurred 
about 4 * lo6 years ago, as is suggested by Hayes et al. (1973), then the size 
of the ice sheet would have had to be very much larger than it is now, or the 
upper mantle viscosity would have to be significantly greater than 1O23 poise. 
Either requirement is implausible on the basis of other observational evi- 
dence . 

A comparison of normalized power spectra is instructive. The normalized 
deglaciation potential spectrum is: 

(2n + 1)2(1 + /z’,)~ c c A&, 
i m 

and this can be compared with the observed potential spectrum and with the 
isostatic potential spectrum that follows from (18). The latter is evaluated 
from D = 30 km and is further discussed by Lambeck (1976). Figure 4 sum- 
marizes the results together with the normalized spectrum of the “corrected” 

Fig. 4. A comparison of the power spectra defined as (2n + 1)2 Vz ( ). The curves 
represent the power spectra for: (a) the observed potential, (b) deglaciation potential, (c) 
the potential of the isostatically compensated topography, (d) total corrective potential, 
and (e) the corrected potential. 
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potential, that is: 

(2n + 1)’ c c [C,*,, - (1 + k',)Ainm -Hi.,J2 
i m 

For harmonics of degree n L 10 the deglaciation potential significantly 
exceeds the isostatic potential but for n 2 11 the two are of very comparable 
magnitude and the spectrum of the total correction approaches the observed 
potential at n = 14. In general, the correction for n 2 12 are of a similar 
magnitude to the differences between recent solutions of the geopotential, 
(see, for example, the comparisons in Lambeck, 1979). The “corrected” 
geopotential spectrum differs only very little from the observed spectrum 
and the decay of the spectrum with degree is not significantly modified. In 
particular, there is no suggestion that the corrected normalized spectrum can 
be represented by two linear functions as could be the case if the dominant 
contribution to gravity resulted from the deformations of the boundaries of 
a convecting layer. Instead, the “corrected” spectrum is compatible with the 
randomly distributed density anomaly model discussed by Lambeck (1976). 
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Appendix: THE VESCOELASTIC LOAD LOVE NUMBERS FOR IMPULSE RESPONSE 

The load Love numbers for the quasi-homogeneous Earth given in eq. 15 
can be compared with the ones corresponding to the real Earth in order to 
assess the approximation involved in these simple relations. Since the Laplace 
transform of the impulse response Love numbers can be obtained with 
relative ease for the real Earth, we will base our comparison on these quanti- 
ties. 

Let us first consider the relaxation of the quasi-homogeneous Earth after 
an impulse load s(t) is applied at the surface. The viscoelastic load Love 
numbers for this loading can be computed from eq. 15 as: 

kv, 6(t) = k: 6(t) + k; 

h’: s(t) = ht; s(t) + lx: (1 + kg) exp k” t’ 
7 t 1 nr 

(A-1) 

and their Laplace transform are: 

(A-2) 
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Fig. 5. Laplace transforms of the impulse response Love numbers for (a) the quasi- 
homogeneous Earth, and (b) for a realistic Earth model. 
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where s is the Laplace transform variable with a dimension of frequency. 
The preceding expressions are nothing but eq. 15 in which the differential 
operator D is replaced by s. 

For the layered viscoelastic Earth the Laplace transform of the load Love 
numbers for impulse loading can be determined readily using the procedure 
outlined by Peltier (1974). The values of K,(s) and H,(s) have been deter- 
mined for selected values of s by numerically integrating the six well-known 
ordinary differential equations pertaining to the free oscillations of elastic 
layered Earth (Altermann et al., 1969). The only difference with the elastic 
solution is that the Lame’s parameters are replaced by their transforms ob- 
tained from eq. 11, i.e.: 

x(s) _ As + 7-V + 213~) _-._ 
s + r-i 

(A.3) 

The density and the elastic constants for the Earth are taken from the 
parametric Earth model of Dziewonski et al. (1975). The viscosity within the 
Earth is assumed to be 77 = 1O22 poise in upper mantle down to a depth of 
670 km and q = 1O24 poise in the lower mantle. 

Figures 5a and 5b show the values of K,(s) and H,(s) for 2 Q n d 16 for 
the quasi-homogeneous model and the layered Earth, respectively. The quasi- 
homogeneous model obviously yields the exact values for large s. Moreover, 
the Love numbers H,(s) are represented well by the simple quasi-homoge- 
neous model at every n at small and large s. The errors in the simple model 
are always less than 15%. However, K,(s) values for small s are good to 
within about 20% for only low degrees, i.e. n 5 6. 

In view of the uncertainties involved with the late Pleistocene ice thick- 
ness and melting history, the simple model is considered to be adequate for 
global studies and can yield an acceptable approximation for the viscoelastic 
response of the Earth at long wave-lengths to excitations at intermediate 
frequency range. 
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