
Ceophys. J. R. astr. SOC. (1982) 70,517-620 

A study of the Earth's response to surface loading 
with application to Lake Bonneville 

s. M . Nakiboglu University of Queensland, St Lucia, Queensland, Australia 

Kurt Lambeck Research School of Earth Sciences, Australian National 
University, Canberra, Australia 

Received 1981 September 11 

Summary. Analytical solutions are presented for the deformation of a three- 
layered plane earth with elastic-viscoelastic rheology and subject to time- 
dependent vertical surface loads. The models investigated are: (1) elastic or 
viscoelastic layers overlying an inviscid fluid; (2) viscoelastic half-space; (3) 
elastic layer over a viscoelastic layer with different boundary conditions at 
the base of the second layer. Emphasis is given to the interdependence 
between the dominant parameters of thickness of the elastic layer, the effec- 
tive viscosity of the viscoelastic layer, the change in viscosity with depth and 
the wavelength and duration of loading. The models have been applied to the 
loading and unloading of the late Pleistocene pluvial Lake Bonneville using 
the load histories given by Crittenden. The studies differ from earlier analyses 
of the Bonneville uplift in several important aspects including: a rigorous 
treatment of the horizontal and vertical coupling between the elastic and 
viscoelastic media; the mantle is treated as viscoelastic rather than as a viscous 
medium; the wavelength information has been introduced by using a more 
realistic model for the load geometry; and the effect of the Wasatch Fault has 
been considered. The models indicate that the two principal parameters 
defining the rebound are the effective viscosity of the upper mantle and the 
effective thickness of the elastic layer and that those two parameters can be 
separated only if both wavelength and amplitude information of the defor- 
mation is available at more than one epoch. Observations of uplift at one 
epoch are not sufficient to resolve the thickness of the elastic layer and the 
effective viscosity of the upper mantle but upper bounds for these quantities 
are well established as 30 km and 1.2 x lo2' poise respectively. The uplift 
results do not confirm or deny the possibility of a low viscosity channel in 
the upper mantle but this can be resolved only if the uplift data are supple- 
mented with observations of the present uplift rate. The published rates are 
controversial, but if valid they point to a thin (= 15 km) elastic layer and a 
relatively narrow ( 6  200 km) low viscosity channel. While the models predict 
uplift near the centre of the former lake, they also predict that the peripheral 
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regions should be subsiding appreciably if flow is confined into a shallow 
channel of low viscosity. Observations reported by Anderson & Bucknam 
suggests such behaviour. Likewise the present rate of uplift changes sign at 
some distance from the centre of the lake and detailed observations of warp. 
ing of the shorelines and repeated levelling in the area may yield further 
constraints on the rebound model. 

Introduction 

The response of the Earth to known forces is of considerable importance in understanding 
the crustal and mantle rheology, in understanding the dependence of the response on the 
duration of loading, on the magnitude of the load and on the history of the crust or mantle 
prior to loading. The response of the Earth to loading normal to its surface is of particular 
geophysical interest in that the magnitude, dimensions and history of the load can often be 
established with considerable confidence and that a wide variety of loads exist, loads of 
different wavelengths and magnitudes, loads operating quasi-periodically from very short 
periods as in atmospheric or oceanic loading problems to intermediate periods as in the case 
of loads associated with the glaciation cycles, and long duration loads such as seamounts and 
sedimentary basins. For short duration loads, the crust and mantle behave more-or-less 
elastically but for longer duration loads, anelastic and inelastic phenomena become important 
as is evinced by the widespread occurrence of isostasy and by deglaciation induced uplift. 
Nevertheless, gravity and geoid height anomalies, as well as the very presence of topography, 
indicate that parts of the Earth can support significant stress differences over periods as long 
as 109yr. These observations also indicate that the actual response differs over the Earth as 
well as being dependent on the magnitude, wavelength and duration of the load. 

It should be possible, in principle at least, to develop a single mechanical model to explain 
the response for all these loading modes but, in view of our limited knowledge of the 
rheological behaviour, we continue to follow the approach of simplifying the model for each 
type of loading problem according to which particular parameters dominate the observed 
response. Unfortunately this approach has led to some confusion in the literature due to the 
application of such simple models to situations for which they were not initially intended. 
Turner, Jarrard & Forbes (1980) for example repeat a frequently held but erroneous view 
that the time constant for isostasy is of the order of 104-10Syr. This time constant is based 
on the post-glacial rebound observations of Fennonscandia and Canada but most physicists 
realise that the response is wavelength dependent, that, all other factors being equal, short 
wavelength loads require much longer time intervals to reach the isostatic state through 
viscous or viscoelastic stress relaxation than do the long wavelength loads. A more appro- 
priate time constant for Turner et al’s seamount problem may be of the order 1 O6 - 1 07yr 
(Lambeck 198 1). A second example of where the simple models have been misused is the 
application of some of the simple solutions given by Nadai (1963) for viscoelastic plates 
overlying an inviscid fluid and loaded by point or line loads. The Hawaiian ridge in particular 
has been frequently modelled by a line load (e.g. Walcott 1970; Watts & Cochran 1974) but 
these viscoelastic solutions neglect the dependence of relaxation on wavelength of the load 
and lead to apparently stiffer lithosphere for small loads than for large loads (Beaumont 
1978; Lambeck & Nakiboglu 1981). 

The late Pleistocene pluvial Lake Bonneville in Utah provides another example of where 
various simple models have been applied to explain the uplift without explaining all aspects 
of the observations. The area of loading, nearly 6 x lo4 km2 at the time of the lake’s maxi- 
mum stand, can in the first instance be approximated by a disc of about 135 km radius while 
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the duration of loading is of the order 7 x 104yr. Any rheological model of the response of 
the Earth to this load must represent both the response of a strong crust and a weaker upper 
mantle to explain the observations of uplift (see below). While seamounts indicate that a 
model with a high value for the viscosity of the lithosphere overlying an inviscid upper 
mantle represents well the response, the main agent of the Bonneville uplift has to  be the 
viscosity of the upper mantle appropriately modified by an essentially elastic-like crust. Thus 
the approach of Brotchie & Silvester (1969) and Walcott (1970), in which the problem is 
treated as the rebound of an elastic plate resting on  an inviscid substratum, is acceptable 
only if the relaxation time of the mantle is very much shorter than the characteristic time of 
the loading-unloading cycle. Clearly this need not be so. Furthermore, these models do not 
account for the only partial recovery of the subsidence, nor for the uplift that may still be 
occurring today. If the lithosphere were to  be treated as a viscoelastic plate resting on  an 
inviscid substratum, as has been done for seamount and sedimentary basin loads, then one 
needs to explain the contradiction between small seamount subsidence rates over periods of 
106-107yr and the 75 per cent rebound of Lake Bonneville in less than 105yr. 

Haskell (1935, 1936) and Vening Meinesz (1937) discussed the Fennoscandian uplift 
where the loading-unloading time constant is comparable to, but the load dimensions much 
in excess of, the Bonneville load. Haskell treated the problem as being the response of a 
viscous upper mantle, a model that would be appropriate if the mantle rigidity were suffi- 
ciently low for the viscosity terms to  dominate the response after about 104yr. Both Haskell 
and Vening Meinesz ignored the effects of any elastic response of the lithosphere, a conclu- 
sion that is justified only for loads of long wavelength (see below, and McConnell 1968). 
Crittenden (1963a, b, 1967) applied the formalism of Vening Meinesz to Lake Bonneville 
and treated the crust as being inert in the uplift process except that it acts to  distribute a 
point load over a finite area. Otherwise the deformation of the crustal layer follows that of 
the viscous medium. Since Crittenden approximates the lake load by a point force, he 
cannot utilize fully the valuable information contained in observations of the load wave- 
length. Cathfes (1975) treats the Bonneville problem in a similar fashion with an improved, 
but still incomplete, treatment of the elastic layer over the viscous half-space. 

In the absence of a comprehensive model which can explain the Earth’s response to  
loading over a very broad time and wavelength spectrum, we can only treat each load case by 
case. In this paper we have selected Lake Bonneville as an appropriate example for investi- 
gating the response characteristics of various simple rheological crust and upper mantle 
models. This choice is partly guided by the availability of generally reliable observations of 
the load geometry and history as well as of the response. Also, the various conflicting past 
interpretations, as evinced by the conclusions reached by Crittenden, Brotchie & Silvester, 
Walcott and Cathles, need to  be clarified. In investigating the specific problem of Lake 
Bonneville we will examine the loading problem in general, following the lines previously 
developed for the seamount loading problems (Lambeck & Nakiboglu 1980, 1981). This 
approach is deemed necessary to understand the consequence of each model before adopting 
any particular one. We will, in Section 2 ,  start with the simplest and proceed to the more 
complicated, treating in turn elastic-inviscid, viscoelastic-inviscid, homogeneous visco- 
elastic and elastic-viscoelastic-inviscid models. 

Cathles (1975) and others (e.g. Crough 1977; McKenzie 1967) have argued that for Lake 
Bonneville the elastic effects can be neglected and that a viscous medium suffices. However, 
we have noted that in order to  reduce the viscoelastic half-space solution to  Haskell’s viscous 
solution, the average mantle seismic rigidity has to  be reduced by a factor of about 5 which, 
when dealing with loads of a typical duration of 104yr, we do not think is justified. Cathles 
(1975) and Lliboutry (1973) have explored similar formulations for layered viscous media 
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but, apart from the above reservation, the treatment of the upper elastic layer remains 
incomplete in both of these studies. 

The discussion in those papers as well as in this one is limited to linear models. This is not 
just for the reason of mathematical expediency. Stress differences set up in the mantle by 
the lake load are less than 10 bar; the strains and strain rates (see Section 5 )  are small, of the 
order and 4 x lo-'(' respectively; the loading cycles are, geologically speaking, relatively 
short, of the order of 104yr. Hence the Newtonian type Nabarro-Herring or Coble creep 
mechanisms may well be appropriate. Post-glacial rebound observations have usually been 
adequately treated with linear rheologies (e.g. Peltier & Andrews 1976; Kaula 1980) although 
non-linear rheological models have also been used by Post & Griggs (1973) and Brennen 
(1974). More recently Crough (1 977) has stressed that there is nothing in Crittenden's result 
for Lake Bonneville that requires power-law creep. We return t o  this point in Section 5 .  In 
general we will not be greatly concerned with the stress state, for, unlike seamount loading 
problems, the load-induced stresses do not exceed a few tens of bars and we cannot discrimi- 
nate between the models on the basis of the magnitudes of stress differences. Nevertheless 
it is interesting that the crust and mantle respond at all significantly to such small stress 
differences. 

In Section 4 the loading history of Lake Bonneville is discussed, as is the evidence for 
uplift; Section 5 compares the model results with these observations to  determine the model 
that best describes the observations and to estimate effective rheological parameters for the 
crust and upper mantle. 

S. M. Nakiboglu and K .  Lambeck 

2 Mechanical modelling of the crust and upper mantle 

In the preliminary discussion of the characteristics of the various models, the load will be 
approximated by a single disc of initial height ho, radius A ,  whose thickness is a simple 
function of time. Thus a simple description of the water height in the lake is given by 

O G r G A  

r > A  ' 
h (r, t )  = [ to '(') 
where appropriate values for ho and A are 286 m and 135 km respectively. Only the thick- 
ness of the disc is taken to be time-dependent, its radius remaining constant. Three simple 
load histories will be considered. The first is 

h( t )  = hoT(t)  = ho [ H ( t  - to) - H ( t  - tl)], (1) 

where H is the Heaviside unit step function. Thus the load is applied instantaneously at 
time = to, remains constant in the interval to < t < t l ,  and is removed suddenly at time 
t = t l  . The second load history to  be considered is 

h(t)  = i t  T ( t )  ( 2 )  

where T(t)  is given by (1). In this case the load increases linearly with time in the interval 
to < c < t l .  Combining the two loads (1) and ( 2 )  gives 

h ( t )  = (h, + i t )  T( t )  (3 1 
a description that will be used in the final description of the Lake Bonneville load in terms 
of a large number of discs each with a load history of the form (3). The time function T( t )  
has its origin to = 0 at 70000 yr ago and we adopt, for the single disc load, t1  = 54000 yr, 
that is unloading occurred 16 000 yr ago. 
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The measure of uplift w at Lake Bonneville given by Crittenden (1963b) is the uplift that 
has occurred since the removal of the load at time t = t l  relative to the uplift at the edge of 
the load. That is, 

Sw(r, t )  = MI; t )  - w(r, tdl  - [ w ( A ,  - 4% tdl. ( 4 4  
We refer to this quantity as the relative uplift and it will usually be evaluated for the present 
time t = 70 x 103yr. Differential uplift, a term also used in some of the following sections is 
defined as 

A w ( ~ ,  t )  = [w(T, t )  - W(T, t i ) ] .  (4b) 
In (4a) and (4b), w(r, t )  is the absolute uplift at a distance r and at time t .  It is the quantity 
computed in the flexure calculations and is defined here as positive downwards. 

The mantle density is taken as 3.35 g cm-3 and the elastic parameters are shear modulus 
I.( = 0.73 x 10l2 dyne cm-2 and Poisson’s ratio v = 0.5. Where appropriate, the elastic layer 
with a to-be-determined thickness, has known elastic parameters ( p  = 0.32 x 1012dyne cm-2, 
v=0.30). In a general way in the discussion of the various models, the elastic layer is 
associated here with the crust, although this need not be so. Likewise the viscoelastic layers 
are associated with the mantle. 

The stress state of the models are not developed analytically here because simple models 
are already available (Lambeck & Nakiboglu 1981), and because the stress differences are 
small: The maximum stress differences in the elastic layer due to the water load are of the 
order of 80 bar at short times and in the viscoelastic mantle these stresses are less than 10 
bar at all times. 

2.1 ELASTIC O R  VISCOELASTIC C R U S T  O N  INVISCID M A N T L E  

The condition of vertical equilibrium of an elastic crust overlying an inviscid mantle results 
in the following fourth-order partial differential equation (e.g. Jeffreys 1970, p. 256; Szilard 
1 9 7 4 , ~ .  136) 

DAAw + P ~ ~ W  = 40 r ( t ) ,  (5a) 

where D is the flexural rigidity 

with I.(, being the rigidity, vc Poisson’s ratio, and h,  the thickness of the elastic layer. w(r, t )  
is the deflection of the plate (positive downwards) at a distance r from the centre of the disc 
and at time t .  A is the Laplacian operator, ps is the density of the substratum. With p denot- 
ing the density of water, the load qo on and normal to the upper surface of the plate is 
pgho. Equation (5a) expresses the static balance between the elastic forces, the load and the 
response of the substratum to deflection, a response that is assumed to be of the Winkler 
type (e.g. Szilard 1974, p. 137). 

The elastic plate solution is discussed in more detail by Lambeck & Nakiboglu (1981) and 
we merely note here that the elastic discplacement at the centre of the load is 

A 
w (0,O) = 5 ho [ 1 + ker ’ (;)I 

ps 

where 

1 = (D/Psg)1’4 (7) 
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and ker' (x) is the derivative of one of the Kelvin-Bessel functions (e.g. Jeffreys & Jeffreys 
1966, p. 588; Abramowitz & Stegun 1965, p. 379). 

For a viscoelastic plate the corresponding governing equation follows from the correspon- 
dence principle (Bland 1960; Fung 1965, p. 422) as 

S. M. Nakiboglu and K. Lambeck 

DAAW + p S @  = q(r) F(t) (8) 
where ( - )  denotes the Laplace transform of a function of time, and where, for an incom- 
pressible Maxwell plate (see Lambeck & Nakiboglu 198 1) 

s is the Laplace transform parameter. Also T = q/p where q is the effective viscosity of the 
plate. 

We will consider only loads and boundary conditions that are axially symmetric such 
that 

d Z  1 d 
drz r dr ' 

w = w(r, t); A = - + - -  

Then, taking the zeroth-order Hankel transform of equation (8), gives 

{ is the Hankel transform parameter and the nth-order transform is defined as (e.g. Sneddon 
1 9 5 1 , ~ .  52) 

P(C) =IW f(r)Jn(Cr>rdr. 
r = Q  

J, is the nth-order Bessel function. For the disc load, the inversion of equation (9) gives, 
with the notation a = A/Z, u = CZ, (see also Lambeck & Nakiboglu 1981) 

m 
P 

w(r, t )  = - a  W ( t )  Jo(ux) J,(ua)du 
Ps s, = o  

where, denoting the inverse Laplace transform by L-', 

The rate of uplift follows from equation (8) as 

For the time function ( I ) ,  with /3 = T - ~  (1 + u 4 ) - l ,  
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and for the time function (2), 

For the combined time function (3), 

wj = ho w1+ h w, . (14) 

If the load is permitted to work long enough such that t = t l  -+ m the final state attained 
is, from (1 0) 

m 

which is the condition of local isostatic compensation. Comparing (6) and (1 5 )  indicates that 

welastic Wisostatic if a 2 2.7. 

That is, for loads such that a 2 2.7, the initial elastic deflection exceeds the final state and 
the crust will exhibit a rebound. This apparently curious result is a consequence of loads 
with a L 2.7 being sufficiently large to  stress the mantle which, at least on the short time- 
scales, resists subsidence with forces that are much larger than the simple buoyancy force 
considered here. On the other hand for loads of radius a < 2.7 the deflection is dominated 
by the elastic plate response. Typically the flexural parameter 1 ,  defined by equation (7), is 
of the order 25-50 km so that for loads of radius greater than about 70-130 krn, as is the 
Lake Bonneville load, the response to  short duration loads is dominated by the mantle. 

Fig. 1 illustrates the present value (t = t p  = 70 x 103yr) of the relative uplift defined by 
(4a) with t l  = 54 x 103yr (that is, the load was removed 16 x 103yr ago). Also illustrated is 
the absolute uplift for r s A .  The relative uplift at r s A is given for several values of the 
viscosity of the layer but the response is quite insensitive to  values within the range of 

Figure 1. Relative (curves l) .and absolute (curves 2) uplift for a viscoelastic crust over an inviscid mantle. 
The curves a, b, c are for viscosities of loz4,  lo2’ and loz6 P respectively. 
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77 = loz3 -loz6 poise. Because of the relatively short time history of the load the solution is 
essentially that of the elastic solution unless 17 becomes much smaller than the above values. 
This is unlikely and these short-term loading problems cannot be used to determine the 
viscosity of the crust. 

The elastic or viscoelastic plate models over an inviscid fluid are also inappropriate for the 
Lake BonneviUe problem because, for the time-scales considered here, the mantle resists the 
deformation by more than just buoyancy forces: The solutions by Brotchie & Silvester 
(1969) and by Walcott (1970) are inappropriate. Neither, as already recognized by Haskell 
and Vening Meinesz, will these models be appropriate for describing the Fennoscandia or 
Laurentide rebound but they are more relevant to the seamount problem where the loading 
time is usually quite long compared with likely viscoelastic time constants of the upper 
mantle and where the loads are sufficiently small in areal extent. 

S. M. Nakiboglu and K .  Lambeck 

2.2 VISCOELASTIC H A L F - S P A C E  

The response of a viscous half-space to surface loading has been treated by Haskell (1935, 
1936) and applied to the Fennoscandian uplift. We will investigate the loading of a visco- 
elastic half-space which, for small p should approach Haskell's solution. The problem is 
solved here in two steps. First the elastic solution is obtained and then the correspondence 
principle is applied to give the viscoelastic solution. Sneddon (1951, pp. 404-469) gives the 
elastic solution but this has to be modified in order to account for the large displacements 
that may occur in the viscoelastic deformation. 

Let aii be the Eulerian stress tensor and let r, 0 ,  z be the coordinates of a point, both 
referring to the deformed state of the half-space. The equilibrium, compatibility and stress 
displacement relations for a homogeneous, isostropic, elastic medium, subject to  axially 
symmetric loading, are (e.g. Sneddon, p. 541) 
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In these expressions u and w are the displacements in the r and z directions and A' is the 
Laplacian operator now defined as 

a 2  1 a a 2  A'=-.- + -  - .+ - 
ar2 r ar azz'  

If we define a displacement potential x(r, z )  such that 

the stress displacement equations (16c) become 

Substituting (18) into the equilibrium and compatibility equations (16a, b) indicates that 
they are satisfied identically if 

A'A'x = 0. (19a) 

Taking the zeroth-order Hankel transform of equation (19a) gives 

whose solution follows as 

g o =  (cl t c j z )  exp(-[z) t (c3 t C ~ Z )  exp([z), 

go = (k ,  t k z z )  cosh ( [ z )  t (k3 t k4z)  sinh ( [ z ) ,  

(20a) 

(20b) 

or 

where the ci and kj  are constants of integration to be determined from the boundary condi- 
tions. The solution in the form (20a) is appropriate for a semi-infinite medium whereas the 
alternative expression (20b) will be more suitable for a layer of finite thickness. 

The quantities required in describing the boundary conditions follow from the Hankel 
transforms of (17) and (18), or 
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Since the stresses vanish in the half-space when z +. m, c3 = c4 = 0, and with (21) this yields 
the sought quantities on the undeformed surface as 

S. M. Nakiboglu and K .  Lambeck 

In the infinitesimal theory of elasticity the displacements are small and the quantities on the 
left hand side of (22) can be assumed to  be the values on  the deformed surface z = w. Then, 
if the half-space is subjected to  a normal load q (r) ,  the boundary conditions become 

L+iz = 0; gz = 40, 

and the constants c1 and c2 can be determined from the last two equations of (22). The final 
results follow from the inverse Hankel transform of equations (21) and the results are 
identical to those given by Sneddon (1951). However, if this solution is to  be used to  solve 
the corresponding viscoelastic problem, a further discussion is required since the correspon- 
dence principle is applicable only if the boundary layer of the viscoelastic medium does not 
evolve with time. This condition is approximately fulfilled if the surface deformations are 
small - that is, at times after loading that are short compared with the relaxation time. 
However, it must be noted that the Eulerian stress tensor refers to the deformed state and 
at large times the correspondence principle is not applicable. One way to solve this problem 
is to set the boundary conditions on  the unknown deformed surface z = w but this is 
cumbersome. A more practical solution is the one proposed by McConnell(l965) in which 
the normal stress at the deformed boundary can be approximated by the difference of the 
value at the undisturbed boundary and the weight of the additional overlying material. This, 
in effect, is equivalent to introducing a restoring buoyancy force that is proportional to  
deformation and the new boundary condition is set as 

f 2 Z ( t 7  0) - P& G0((5,0) = - 4 O ,  

6iZ ( t ,  0) = 0. 

Combining equations (22) and (23) gives the deformation in the transform space as 

where ps is the density of the half-space. For a disc load of density pl and height ho 

Substituting this into equation (24) and then taking the inverse Hankel transform gives the 
surface deformation as 

With the definitions u = A  t ,  x = r/A and a! = p,gA (1 - V ) / P  

a 
w(r, 0) = - J l ( U )  Jo(ux) du. p:'I=, u+oL 
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The viscoelastic correspondence of (25b) should now be approximately valid at all times. 
For an incompressible viscoelastic half-space, equation (25b) transforms into 

" &  
W(r, 0, s) =""J 7 T J 1 ( U )  Jo(ux) du 

Ps u = o  u + a  

where T( t )  is, as before, the time-dependent part of the load and ho is the initial height of 
the load (cf. equation 1) 

~ p,gA s + 7-1 
___ 

21.1 s 

For the three 1oad.histories described by equations (1) to (3) 

where, with 0 = a/r(u t a), 

U 
exp [ -p ( t  - to)] H ( t  - to) - 1 U 

corresponds to the load history (1); 

corresponds to the load history (2), and 

corresponds to the load history 3. 
Fig. 2 illustrates the creep and relaxation of a half-space at various epochs before and 

after the removal of a single disc load with the Heaviside time history. One noteworthy 
feature of the creep curves is the lack of peripheral bulge or, in the case of the relaxation 
curve, of a peripheral moat. This is in contradiction with the observed behaviour of the 
Earth where the response to surface loads may exhibit such features; for example, a peri- 
pheral bulge about the Laurentide ice sheet has been deduced from the uplift data (e.g. 
Walcott 1972); seamount loading of the oceanic crust appears to create small peripheral 
bulges about the load itself, and Lake Bonneville may also be associated with a small peri- 
pheral bulge as discussed further below. Observations such as these suggest that the visco- 
elastic or viscous half-space models are inadequate for modelling the response of the Earth 
to surface loading if wavelength information is available. 

Fig. 3 illustrates the present uplift for the single disc load for several values of the visco- 
sity of the half-space. As the viscosity is increased the magnitude of uplift is decreased but 
the wavelength is increased. The lower part of Fig. 3 illustrates the present-day value for the 
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Figure 3. (Top) Uplift 6 w ( t  = 70) = w ( t  = 7 0 )  - w ( t  = 54), (where time is in units of lO’yr), of a visco- 
elastic half-space at the present time for a load history T ( t )  = H ( t  - 54) - H ( t  - 7 0 ) .  The geometry of the 
load is as in Fig. 2 .  (Bottom) The relative uplift at the centre with reference to the edge of the load given 
as a function of viscosity for the same load. 

relative uplift at the lake centre as a function of viscosity. The average of the observed rela- 
tive uplift in the central lake area is 42 m, greater than the maximum value given in Fig. 3 .  

These observations, together with the earlier elastic or viscoelastic floating plate model, 
suggest that a model which confines the rebound into a smaller area and which creates a 
peripheral moat or bulge may be more appropriate. These conditions are met by introducing 
an elastic layer over the viscoelastic half-space but clearly this layer cannot be modelled just 
as an inert entity in the rebound process as has been assumed in some earlier works. 

2.3 E L A S T I C  L A Y E R  O V E R  V I S C O E L A S T I C  L A Y E R  

We proceed as before by first solving the equivalent elastic problem and then applying the 
correspondence principle. The governing equation for a thin elastic layer overlying an elastic 
medium with Winkler-type response can be written in the form ( 5 )  as 

DAAw + p  = q  (28) 

where p is an elastic restoring pressure applied by the mantle. The zeroth-order Hankel trans- 
form of (28) is 
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A coordinate system is adopted here in which the x-y-plane corresponds to the undeformed 
boundary of the elastic layer and the viscoelastic medium. We will consider several laminar 
models that are distinguished by the boundary conditions both at this interface (z = 0), and 
at the base of the viscoelastic medium (z = H ) .  

S. M. Nakiboglu and K .  Lambeck 

2.3.1 Model 1. Deep mantle deformation 

If the whole mantle is permitted to flow in response to  the surface loading then H can be 
taken to  be infinite if the wavelength of the load is comparatively short. In this case the 
deformation potential (20a) will be appropriate with c3 = c4 = 0 and the values of w, u, a,, 
and Q,.~ on the boundary z = 0 follow from equations (22). 

The boundary conditions at  the interface z = 0 follow from the condition of continuity 
of vertical deformation and from equations (23) and (29) 

o:,(r:,o) - p , f i o =  -fro (30) 

Go(g ,  0) = continuous across boundary. (31) 

The remaining boundary condition at z = 0 is determined from considerations of the crust- 
mantle interface. If there is a strong coupling between the crust and mantle in the horizontal 
direction then r$,(t, 0) f 0 and fi1(g, 0) is continuous. If the crust is unconstrained so that 
the middle plane does not stretch then 

2 ( g ,  0) = 0. (32) 

&(r:, 0) = 0. (33) 

Alternatively if there is negligible coupling, the boundary is effectively frictionless, 

Combining equations (22) and (30-33) and solving for the unknown coefficients yields the 
relationship between the interface pressure and deformation of the crust (or the deformation 
of the crust-mantle boundary). For complete coupling 

1 - u  
p o =  kP-- 3-4v  t + P&)  Go 

while for negligible horizontal coupling 

If the mantle is assumed to be incompressible these two expressions lead to an identical 
result of 

p o  = (2& + p,g) GO. (35) 
For u = 0.3 the two expressions (34a) and (34b) differ only marginally, indicating that the 
reaction of the mantle to vertical loading is insensitive to  this coupling at the crust-mantle 
boundary. Substituting the result ( 3 5 )  into equation (29) gives the deformation in the trans- 
form domain as 

GO = 40/[2pE t p,g tog43 (36a) 
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This represents the elastic deformation of the crust. The remaining computations for the 
deformation of the viscoelastic mantle are identical to  the ones given in the previous section. 
This particular solution would be appropriate for the loading of an elastic crust or litho- 
sphere overlying a mantle of nearly uniform viscosity down to  depths much in excess of the 
wavelength of the load. 

2.3.2 Model 2. Channel flow 

If the viscoelastic deformations in the mantle are confined to  a finite layer, the half-space 
assumption will lead to errors that are proportional to the wavelength of the load. A 
channelling effect could be anticipated if creep is occurring by a diffusion process since, as 
emphasized by Gordon (1 967), the diffusion coefficient is pressured and temperature 
dependent with the temperature dependence being dominant in the uppermost mantle and 
the pressure dependence becoming dominant at greater depth. This channelling can be 
modelled by a viscoelastic layer representing the low viscosity layer over a rigid half-space 
which represents the lower mantle. As before, the lid over the viscoelastic layer is repre- 
sented by an elastic layer. Assuming perfect coupling in both horizontal and vertical direc- 
tions, the boundary conditions at the upper elastic-viscoelastic interface are (cfi equations 
30-3 1) 

U ' (E ,  0) = 0 

U E ,  0) - P& Go (E,  0) = - P o ,  

G1(E,W = 0, 

i-P(.$,H) = 0. 

and the boundary conditions at the base of the low viscosity zone z = H are 

From equations (20b) and (2 1) 

(37) 

U1=klE2sinh(Ez)+k2[Ecosh(Ez) t E2z sinh(Ez)] +k3t2cosh(Ez) 

t k 4 [ E s i n h ( E z ) t E 2 z  cosh(Ez)] (39a) 

-k4[E2zsinh(Ez)-2(1 -2v)$cosh(gz)] (3 9b) 

t k4 [Ez sinh((z) - 2v cosh(Ez)]} (39c) 

- k q [ E z  cosh(Ez)-(l -2v)sinh(Ez)]I . (394 

- 
w o =  -k 1E2cosh(Ez) -k2  [E2z cosh(Ez) - 2(1 - 2v)E sinh([z)] -k3E2sinh(Ez) 

i%jz = 2 p g 2  tk1gcosh(Ez)+k2[<z cosh(gz)+2vsinh($z)J +k3g sinh($z) 

u:z = 2 p g 2  {-k l~s inh(Ez)-k2[Ezs inh(~z) - (1  -2v)cosh([z)] -k3{cosh(Ez) 

Substituting these expressions into the boundary conditions (37) and (38), solving for the 
four constants ki and substituting these values back into (39), yields the following relation- 
ship between Go  and Po for an incompressible mantle 

$0 = (psg - 2pFE)  Go  (40) 

where 

ud  + sinhfud) cosh (ud) 

(ud)2 - sinh' (ud) 
F =  
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and 

u = Eh,, d = Hfh,. 

The solution for the deflection in the Hankel transform domain is similar to (36a), or, with 
(29) and (40), 

S. M. Nakiboglu and K .  Lambeck 

Go = 4 0 / / [ 0 g '  - 2 p F t  + psg] .  (42) 

For a disc load the crustal deformation is, analogously to (36b) and with a = A/h, ,  x = q'h,, 

where 

I.1 

P C  

U = U' + h*' - 12 - (1 - v,) UF 

h* = hJ1, 

with I being defined by (7). In deriving (43) use has been made of relation (5b). A S H + -  
F + -1 and equation (43) reduces to (36b) for f = 0. 

The solution in the Laplace transform domain for the elastic layer overlying the visco 
elastic mantle follows immediately by applying the correspondence principle to (43) to give 

m J,(au) ~ ~ ( u x )  T(s) (s t 7 - I )  

Us + (u4 t h*4)/r 
@ ( r , ~ ) = 6 ( 1  -Y,)- du . " E h 0 ~  = o  

(44) 

Analytical inversions of equation (44) can be found for simple load histories. The method 
should provide similar results as proposed by McConnell (1965) and Cathles (1975) but by 
restricting ourselves to simple loads we avoid numerical schemes for inverting the Laplace 
transforms. For the load histories described by equations (1 -3) 
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and 

a l = ~ 4 + h * 4  

P 
(Yz= -12 - ( 1  - uc)Fu 

P C  

1 a1 
p = -  - 

7 a1 + a2 

2.3.3 Model 3. Viscoelastic mantle overlying inviscid mantle 

Similar results to the above follow for a mantle model in which the elastic crust overlies a 
viscoelastic layer with the ensemble overlying an inviscid half-space. The new boundary 
conditions at z = H are 

where 6 p  is the density contrast across the boundary z = H .  The solution for w is the same 
as (45) except that now 

F =  
u2d  + cosh (ud)  [k*cosh (ud) - u sinh (ud)] 

u 3 d 2  + k*ud - cosh(ud) [k*sinh(ud) - u cosh (ud) ]  

with 

k* = 6 p  g h , / 2 ~ .  

Again, F -+ 1 as H + m and the solution reduces to case 1 .  
On the loading time-scales of lo4 -105yr no part of the Earth’s mantle is likely to  behave 

as an inviscid half-space and this third model is not particularly relevant. The model has, 
however, applications to  other geophysical problems. Lambeck & Nakiboglu (1981) have 
used it for investigating the response of the ocean lithosphere to seamount loading. In this 
case the viscoelastic layer represents the lower parts of the lithosphere and the inviscid half- 
space represents the asthenosphere whose relaxation time is assumed to be significantly less 
than the duration of loading, The theory developed here has also been used by Pullan & 
Lambeck (1981) for the lunar mascon loading problem where the elastic and viscoelastic 
layers represent a stiff upper mantle and the inviscid layer represents a low strength lower 
mantle. 

2.3.4 Results 

The integration of equations such as (45) have been carried out using a 64-step Gauss- 
Laguerre integration routine and taking into account the attenuation behaviour of the inte- 
grand. Fig. 4 illustrates the creep response for the above-discussed model 2 with variable If. 
The load in all cases is a disc of 135 km radius, density 1 .O g cm-j, and height 286 m. Several 
comments concerning this response follow immediately from these results. 

(1) The deformations at short loading times differ significantly for the three different 
thicknesses ( H  = 100, 400 and 800 km respectively) of the low viscosity channel but at large 
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times, as t / T  + m, all three solutions approach the same local isostatic state. Thus the ‘maxi- 
mum depth of influence’ for a given load is not only a function of the wavelength of the 
load but also of the duration of loading. Models where the channel thickness exceeds about 
3 times the load radius result in very similar deformations at all r and  t /r  and approach the 
elastic over viscoelastic half-space results. That is, the solutions become insensitive to the 
boundary conditions at the base of the layer. Conversely, the Lake Bonneville uplift obser. 
vations only contain information on the rheology of the upper several hundred kilometres 
of mantle. 

(2) The time at which the isostatic limit is reached is a function of channel thickness, 
with a thin channel model requiring a longer time interval to reach this state than a thick 
channel model. The time required for a given load to  attain the isostatic state is directly 
proportional to the viscosity and inversely proportional to  the channel thickness. From 
observations of the deformation near the centre of the load it will not be possible to distin- 
guish between, for example, a high viscosity thick channel and a low viscosity thin channel. 
Any viscosity estimates are therefore effective viscosities only. 

(3) The wavelength of the deformation increases with increasing channel depth, from 
about 150-170km for H =  lOOkm to  220-350km for H =  800km. The locus of zero 
deformation moves outwards with time for narrow channels (Fig. 4a). For the deep channel 
flow model (Fig. 4b and c) this locus moves inwards at all times. 

(4) As the channel depth is decreased a pronounced bulge, with an amplitude of some 
S-lOm, begins to  form at distances of about (1.5-2) times the load radius. Thus if obser- 

S. M. Nakiboglu and K .  Lambeck 

Figure 4. Creep behaviour of elastic-viscoelastic-stiff viscoelastic model under the same load as in Fig. 2. 
The elastic layer is 20 km thich with v = 0.30, p = 0.323 X 10”cgs. The thickness of the viscoelastic layer 
is: (a) I€ = 100 km, (b) H = 400 km, (c) H = 800 km. 
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vations of deformation are available well away from the load it does become possible to 
separate the effects of channel thickness and channel viscosity. This indicates clearly that 
observations of the bulge and of its evolution with time are a most appropriate observable 
for determining whether or not there is a sharp increase in viscosity at some relatively 
shallow depth in the mantle. Unfortunately in most loading problems investigated so far, the 
observational evidence is more suggestive than indicative of the bulge behaviour. 

The observed quantity is not the absolute uplift but relative uplift 6 W(Y, t )  as defined by 
equation (4a) with t l  = 54 x 103yr and t = tp = 70x  103yr. This quantity is illustrated in 
Fig. 5 as a function of the three model variablesH, h,  and 77. All models are for a rigid lower 
mantle. Increasing the thickness of the low viscosity layer (Fig. 5a) from 100 to  200km 
increases the relative uplift 6 w(r, tP) near the load centre and increases the wavelength of 
the deformation, but as H increases beyond about 300 km the modification in 6 w(r, tP) 
becomes insignificant. This behaviour occurs for all plausible 17 and h,  and the relative uplift 
at the present epoch gives information only on the viscosity structure down to  about 
200-400 km depth, depending on the viscosity. If the relative uplift is known at different 
epochs then some resolution of the deeper viscosity structure would be possible (see Fig. 4). 

Increasing the thickness of the elastic layer beyond 20 km also decreases the central uplift 
6 w ( 0 ,  tP) while increasing the wavelength (Fig. 5b). An increase in viscosity has the same 
effect (Fig. 5c) - and, for a given H ,  a thick elastic layer and a low viscosity substraum can 
give a very similar relative uplift for t = t p  as a model with a thin elastic layer and a higher 
viscosity. The choice of elastic thickness, the parameter given least attention in part discus- 
sions of the Bonneville problem has an important bearing on the determination of the 
viscosity structure especially for a thick low viscosity channel. 

The dependence of the central relative uplift 6 w(0 ,  tP) on 7 ,  H and h,  is illustrated in 
Fig. 6. From Fig. 6(a), thick elastic plate models can be ruled out since they do not yield 
the observed central relative uplift for any values of H and 7.  One interesting point is that 
two different elastic thicknesses can yield the same central relative uplift for a given 77 and 
H (Fig. 6a). The existence of this can be readily understood from an investigation of the 
solution for an elastic plate over an inviscid fluid. Fig. 6(b) illustrates the dependence of the 
central relative uplift on H and again the relative insensitivity of the uplift to the deep 
viscosity structure is evident. From Figs 5 and 6 it is clear that the observed relative central 
uplift of about 4 2 m  can only be explained by certain combinations of h,, H and 77 values. 
Such combinations are illustrated in Fig. 7. 

Clearly a unique solution is not possible from the central relative uplift data alone but 
some limits can be set. Thus if 10 km d h,  4 30 km then 5 4 x 1021 P for H > 200 km and 
5 x lo2' d 7) 4 2.5 x lo2' P for 50 4 H 4 200 km. These values are based on the simple load 
geometry and time history and as such they present only a rough guide to  be used as a 
starting point in the more rigorous load description below. To obtain a better discrimi- 
nation we need to  incorporate wavelength information, for example on the location where 
d 6 w(r,  tp)/dr changes sign. 

The dependence of the rate of uplift on h,, H and 77 is illustrated in Fig. 8. The depen- 
dence on h,  is quite marked with W reaching a maximum for 15 Q h,  Q 30 km and decreasing 
rapidly for very thin or very thick crust. A similar dependence on 71 occurs, the maximum 
uplift rate for a specific viscosity being a function of the channel thickness. The uplift rates 
near the edge of the load are relatively insensitive to crustal thickness. 

The three-layered model differs in several important aspects from the viscous half-space 
model of Crittenden in which the contribution of the elastic layer to the deformation is 
neglected. This neglect appears to  be a reasonable assumption if the wavelength of the load 
is very much greater than the thickness of this elastic layer. Crittenden models the lake as 

S. M. Nakiboglu and K .  Lambeck 
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Figure 5.  Relative uplift for the elastic-viscoelastic-rigid model after the removal of a single disc load for 
the same load as in Fig. 4 .  
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Figure 6. Effect on relative uplift at the centre of (A) elastic plate thickness h,, (B) thickness of the low viscosity channel H, (C) viscosity I). The load is the same as in 
Fig. 4. (A) Curves marked (1) are for q = lo2' P, (2) for 3 x loz1 P. Curves marked (a) are for H = 100 km, (b) H = 200 km and (c) H = 400 km. (B) 1 = lo2', 2 = 3 X 
10" P, u s h, = 20 km, b = h, = 30 km. (C) 1 = h, = 20 km, 2 = h, = 40 km, u H = 100 km, b = H = 800 km. 
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Figure 7. Combinations of the parameters H, h ,  and r) that yield the observed relative uplift of 42 m. The 
model is the elastic-viscoelastic-rigid case with the same load as given in Fig. 4. The contours give the 
viscosity in units of lo2' P. 

a point load and takes as a measure of the absolute uplift the differences of uplift between 
the centre and edge of the load. Cathles (1975, p. 161) adopts Crittenden's time constant and 
deduces the viscosity by considering the load as a disc and by introducing the effect of the 
elasticity of the crust in a rather ad hoc manner. A more important assumption made by 

2.c 

1S 

] r = O  

r - A  

I 

I '  
30 60 

01 
1 3 6 N )  

q(lO2Of?) 

Figure 8. Present uplift rates for the elastic-viscoelastic-rigid model after the removal of the disc load. 
Uplift rates are evaluated at  the centre of the load r = 0 and at  the edge of the load r = A .  
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Cathles is that isostasy prevailed at the time the lake attained its maximum depth 16 x 103yr 
ago. This does not appear to be so as is discussed further in Section 5.  

The above discussion clearly indicates that the observed relative uplift at the present 
epoch alone is not sufficient to determine the parameters h, ,  H and 7, and that the elastic 
thickness h,  plays an important role in this ambiguity. Of the three unknown parameters the 
elastic thickness is probably the one that can be assumed if the seismically determined crust 
in the Basin and Range province coincides with the elastic upper layer of the Earth. But even 
this presents some difficulty in view of the pronounced low velocity layer centred at about 
15 km depth (see below). Hence in the following sections three alternative values for the 
elastic thickness, 15, 20 and 30 km, will be considered and two different viscosity values will 
be determined; one which would be valid if the mantle is of uniform viscosity and a second 
which will be appropriate if the low velocity layer in the mantle is indeed indicative of a 
low viscosity channel. 

S. M. Nakiboglu and K .  Lambeck 

4 Lake Bonneville 

4.1 T H E  G E O P H Y S I C A L  S E T T I N G  

The Lake Bonneville basin lies at the eastern limit of the Basin and Range province. It is 
bounded to the north-east by the Middle Rocky Mountains and to the south-east by the 
Colorado Plateau, the boundary being approximately reflected by the seismically active 
East Cache, Wasatch and Sevier Faults (Fig. 9). To the west of the basin, levels of earth- 
quake activity are low and scattered although small and recent swarm activity has been 
noted in at least two locations near the western and northern margins of the former lake 
(Smith & Sbar 1974). The most recent fault displacements along the Wasatch Fault indicate 
normal dip-slip fault mechanisms, with the western block faulted down relative to the 
eastern block (Smith & Sbar 1974). This is indicative of extensional motion, with the Basin 
and Range province moving westward relative to the Colorado Plateau and Central Rocky 
Mountains. Activity along the Wasatch and related faults, however, are not continuous in 
space and time and prominent gaps in seismicity occur. Also the faults are not continuous 
fresh features throughout their length and in several areas the evidence for faulting is covered 
by undisturbed Lake Bonneville deposits (Cluff et al. 1975). The crustal thickness for the 
Basin and Range province is generally thin, with the thinnest crust, of about 30 km thickness 
(Braile et al. 1974), coinciding approximately with the Lake Bonneville region (Braile et al. 
1974; Prodehl 1976). By comparison, crustal thicknesses to the east and north of the region 
are of the order of 40-45 km with the thickening occurring well to the east of the Wasatch 
Front. The crust under the southern part of the ancient lake also has a pronounced low 
velocity layer (Braile et al. 1974; Muller & Mueller 1979), a feature characteristic of the 
Basin and Range Province as a whole (Prodehl 1976), but not clearly present under the 
Colorado Plateau. This layer may be a zone of decreased rigidity as indicated by a high 
seismically determined Poisson ratio (Braile et al. 1974). Seismicity along the Wasatch Fault 
is generally shallow, less than about 15 km, with a distinct decrease in activity occurring 
between 10 and 15 km (Smith & Sbar 1974), coincident with the crustal low velocity zone. 
The presence of topography on the moho, however, indicates that significant non-hydrostatic 
stress differences occur down to at least 30-40 km and that the effective elastic thickness 
of the plate may be of this order. 

Other seismic observations point to a mantle with a pronounced and shallow low seismic 
velocity layer extending from a little more than 50km depth to about 200km depth 
(Burdick 8c Helmberger 1978). While low velocity and low viscosity zones need not coincide 
in the mantle, this observation does point to the need to at least consider channel-flow 
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Figure 9. Boundaries of Lake Bonneville at its maximum level. The centroids of the 12 disc loads are 
indicated by the solid circles. The inset indicates the general location of the lake and place names used 
in the text. 

models. The Basin and Range region is also characterized by relatively high heat flow (Roy, 
Blackwell & Decker 1972) and an uplift of the region as a whole of a few mm yr-' . 

Taken together, these observations do not suggest that Lake Bonneville is an area ideally 
suited for rebound studies and the suspicion remains that the uplift could be - at least in 
part - a consequence of deep-seated secular movements. But, as stressed by Crittenden, if 
the observed basin uplift is not caused by rebound, some very localized tectonic rebirth 
of a limited area - fortuitously coincident with the lake basin - is required. Crittenden also 
noted that the sedimentary record reveals at  least three high stands of the lake prior to the 
Bonneville shoreline and that their relative dispositions are inconsistent with regional warp- 
ing of the crust. 

Local warping of the shorelines and recent displacements along some sections of the 
seismically active faults, particularly the Wasatch Fault, have been observed so that not all of 
the deformation can be attributed to the rebound of the lake floor. In particular, accumu- 
lated tectonic stress along the Wasatch fault may have been released by either the removal of 
the water load or by variations in fluid pressure at the fault surface. The theoretical models 
based on an infinite crust and mantle, do  not include the possible effects that these faults 
may have on the uplift but we nevertheless consider our models to be valid because near the 
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fault the crustal stress differences induced or released due to the loading and unloading are 
small compared with typical frictional stresses of about 50-100 bar. An approximate model 
for the effect that a continuous north-south fault can have on the viscosity estimates is 
given in the Appendix. This analysis shows that while the overall consequence of the fault 
could be an underestimation of the mantle viscosity, the effect does not appear to be impor- 
tant. The differences in the crustal and upper mantle structure for the Basin and Range 
province and the Colorado Plateau also makes the uniform layering of the model inappro- 
priate and this could lead to the mantle viscosity appearing to be higher than it actually is. 
Together, the two factors of the fault and lateral inhomogeneity may be responsible for any 
azimuthal asymmetry in the response as well as for some of the local departures from a more 
uniform rebound of the ancient lake floor. 

S. M. Nakiboglu and K. Lambeck 

4.2 T H E  L O A D  H I S T O R Y  

Crittenden (1963b) has estimated the areal extent and time history of the late Pleistocene 
stages of the Lake Bonneville filling and desiccation from evidence collated from topo- 
graphic maps, beach terraces, sediment records and carbon dating of beach debris. The 
observed quantity used by Crittenden is the height of the now-warped shoreline of Lake 
Bonneville with respect to some arbitrary level and from this evidence both the relative 
uplift and the load are to be determined. It is the departure of the present shoreline from a 
level surface that mainly determines the former, and the position of this shoreline with 
respect to the lake floor that determines the latter although the determination of the two 
quantities is complicated by the fact that we do not have a record of the uplift beyond the 
lake boundary. Thus water depth may be in error everywhere by an approximately equal 
amount. Crittenden’s point of reference for zero uplift lies at a distance of about 200km 
from the load centre and, for the range of crustal thicknesses and mantle viscosities con- 
sidered here, the model calculations indicate that the total uplift here does not exceed 
5 m. The effect of this on the viscosity estimates is discussed below. 

The plan view of the lake at its maximum Bonneville stand is given in Fig. 9. More 
recent studies have indicated that Crittenden’s construction is essentially correct in its 
broad description although some modifications have been proposed. Anderson & Bucknam 
(1979), for example, have suggested that the southern limit of the lake may have extended 
further south than proposed by Crittenden, although the latter was already aware of this 
possibility from G. K. Gilbert’s observations in 1890. For the present we adopt Crittenden’s 
reconstruction in its entirety but return below to the question of the deformation at this 
southern boundary. We have numerically integrated Crittenden’s contour map of the 
maximum water load, to obtain mean values of maximum water heights over 67.8 x 67.8 km2 
squares. To permit the use of the axially symmetric models each square is then represented 
by a disc of the same base area ( A  = 38.25 km) and whose height is varied in accordance 
with the history of that particular part of the lake. 

The time history of water level as given by Crittenden (1963b) has also been adopted 
without modification as this seems to be in good agreement with the more recent studies of 
Bissell (1978) and Currey (1980). This history has been approximated by superpositioning of 
the simple load histories defined by equations (1) to (3) (see Fig. 10). For a disc i at a time 
epochj(1 . . . N ) ,  the water height hij is defined in the interval tojj Q t Q f l i j  as 

h. . ( t )  11 = [hoij -t Bj(t - t o j ) ]  [H( t  - to j )  - H ( t  - t l j ) ]  , (47) 

where hoij is the height of the water load of the i th disc at time toij corresponding to the 
start of the j t h  epoch and Bj is a constant rate of change of water level in the same epoch. 
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Figure 10. Loading histories of the twelve disc loads. The height data with respect to which the water 
height is measured are indicated by the disc numbers. Each disc has sixteen time intervals in which the 
load history is represented by a linear function of time. Time f = 0 corresponds to 70 x 103yr ago. Disc 
number 12, for example, loads the crust only for four short periods while disc number 4 loads the crust 
for nearly the entire history and its height ranges from 0 to 280m. 

A total of 16 epochs have been selected for the disc with maximum height (disc 4 in Fig. 
lo), using the time history of the maximum height given by Crittenden. The histories of the 
remaining disc loads have been determined by using the elevations ei of the base of the discs 
with respect to disc 4. That is, 

hoij = ho4j - ei if hO4j - ei > 0 ,  

and 

hoii = 0 if h04j - ei Q 0. 

The epochs for the other discs are determined from the assumption that the rates Bj are the 
same as for the disc representing the area of maximum water load in a given j t h  epoch. Then 
from Bj and h 0 , ,  the time intervals toi j  to t l i ,  in which the water depths are positive can be 
determined. Table 1 gives the x and y coordinates together with the relative ground eleva- 
tions for the twelve disc loads. The coordinate system origin is arbitrarily chosen to lie at 
@ = 40.7", h = 113", near the centre of the load, and the y-axis is coincident with the 113' 
meridian. The loading history of disc number 4 is given in Table 2 .  With 12 discs, each 
described by 16 loading or unloading steps, the deformation problem involves 192 discs 
applied or removed gradually or suddenly at different locations and times. 

The assumption inherent in the representation (47) is that the relative elevations of the 
bases of the discs ei are constant with time whereas in reality during the creep phase, for 



604 S. M. Nakiboglu and K .  Lambeck 
Table 1. Locations and relative elevations of disc loads (see Fig. 9). 

Disc 
number 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

0.0 
67.8 

-67.8 
0.0 

67.8 
-67.8 

0.0 
67.8 

-67.8 
0.0 

17.0 
17.0 

135.5 
135.6 
67.8 
67.8 
67.9 
0.0 
0.0 
0.0 

-67.8 
-67.8 

-135.6 
- 203.4 

Relative 
elevation (m) 
with respect to 
base of disc 4 

165.0 
178.0 
109.0 

0.0 
67.0 
45.0 
17.0 

110.0 
160.0 
116.0 
163.0 
218.0 

example, ei increases. This assumption is valid if the response to loading is of long wave- 
length compared with the areal extent of the individual disc loads and this is probably satis- 
fied at least at short times. Any error introduced by this process will lead to an underestimation 
of loads during the loading phase and an overestimation of loads during relaxation but since 
we have consistently derived the viscosity from both the creep and relaxation phases, the 
computed central uplift will be correct although the wavelength of the uplift curve may be 
slightly in error. 

4.3 U P L I F T  D A T A  

The relative uplift observations are discussed fully by Crittenden (1963b) and we have taken 
two profiles along the x -  and y-axes, corresponding approximately to the long and short axes 
of the load. It is to  these profiles that we will attempt to fit the theoretical models subject 
to the multidisc load. Of these profiles (Fig. 11) it is the x profile that could be most 
affected by eventual motions along the Wasatch Fault but we assume that this complication 

Table 2. Loading history for disc no. 4 as defined by equation (47). 

t o j ( 1 0 3 ~ r )  

0.000 
1 1 .ooo 
17.600 
26.000 
44.000 
48.000 
50.000 
5 1.600 
54.000 
57.200 
58.000 
60.000 
60.600 
62.000 
66.800 
68.000 

t I j(1 O3 yr) 

11.0 
17.5 
26.0 
34.8 
48.0 
50.0 
51.6 
54.0 
57.2 
58.0 
60.0 
60.6 
62.0 
63.6 
68.0 
69.4 

h 0 4  j(m) 

0.0 
274.0 

50.1 
281.1 

0.0 
274.0 
274.0 
178.8 
178.9 
178.9 
83.4 

157.3 
83.4 
71.5 
0.0 

21.5 

Bj (m I1 0 yr) 

24.91 
-33.93 

27.50 
-31.95 

68.50 
0.00 

-59.52 
44.69 

0.00 
-119.38 

36.95 
-123.17 

-7.44 
-44.69 

17.92 
-15.36 
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Figure 11 .  Uplift profiles along x-axis (top), and y-axis (bottom) based on the contour map of Crittenden 
(1963b). 

can be ignored since such displacements occur on different time-scales and since the displace- 
ments decrease with normalized distance d from the fault according to  tan-ld. Also, as 
mentioned earlier, sediments deposited at times of high lake levels have been left undisturbed 
over several sections of the fault. The accuracy of the relative elevations of the short line 
varies from a few decimetres for clearly identified shore lines controlled by precise levelling, 
to several metres where the shorelines cannot be precisely located or identified and where 
geodetic control is unavailable. Crittenden estimated that in a few instances these uncer- 
tainties may reach as much as 10m but that for the majority of points the accuracy was 
better than 3 m. 

Anderson & Bucknam (1979) have investigated the uplift near the southern extremity of 
Lake Bonneville where the shorelines are poorly defined. They reported that, southwards 
from Lund (Fig. 8), the shoreline elevations increase by about 3 0 m  over a distance of 
50 km. This is the reverse of the trend to the north of Lund and these authors argue that this 
trend is also opposite to that predicted by the rebound of Lake Bonneville. Hence they con- 
clude that this uplift may have a tectonic origin. There would, however, appear to  be a 
simpler explanation to these observations if the peripheral moat occurs in the vicinity of 
Lund and this is investigated further below. 

Also available are estimates of the present rate of elevation changes around the northern 
part of Lake Bonneville as deduced from first order levelling in 1911 and repeated during 
1953-58 (Crittenden 1963b). The difference in the results for the two epochs are close to 
the 'accuracy limits of first-order levelling and we cannot attach too much significance to  
them. Evaluations of additional levelling data for Lake Bonneville have been reported by 
Reilinger (1975 and 1981, private communication) who has given results for repeat levelling 
from Salt Lake City to  Milford, 55 km north of Lund, along a profile that skirts along the 
former eastern shoreline. In a recent letter to  one of us, C. T. Whalen, Chief of the Vertical 
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Network Branch, National Geodetic Survey, emphasized that all levelling in this area was 
carried out for mapping, not scientific, purposes. Thus Reilinger’s uplift rates, which indicate 
a doming of about 1-2 mm yr-’ over the lake basin, are close to  the accuracy limits of the 
levelling network. Whalen also noted that observations prior to 1929 in the Salt Lake City 
area, contain an - as yet undetected - blunder pointing to further caution in interpreting 
these levelling data. 

S. M. Nakiboglu and K .  Lambeck 

5 Results 

As previously noted, the present-day observations of uplift do not indicate the location of 
the locus of zero uplift. Only relative uplift data are available and in any event the locus of 
zero uplift is a dynamic one, moving radially outwards from the centre of the lake during 

0 

-m - 100 100 200 

Y 

-m - 100 100 200 x ( k i n )  

Figure 12. Computed uplift profiles in x- and y-directions (a and b respectively) for uniform mantle 
models (H = 800 km) with different mantle viscosity (in units of 10” P) and crustal thickness h .  The 
curves are for h,  = 15 km (top), h,  = 20 km (middle) and h ,  = 30 km (bottom). 
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the unloading phases (see Fig. 4 for example). To preserve the wavelength information the 
differential uplifts have been computed with respect to the deformed lake surface at 
1 = 5 4 x  103yr, just before the onset of major unloading of the lake floor. The uplift of the 
lake floor since this time is computed along our x-  and y-profiles for two mantle models, 
i.e. uniform mantle (Fig. 12) and low viscosity channels overlying a stronger medium (Fig. 
13). Three values for the thickness of the elastic layer, 15, 20 and 30km respectively, have 
been considered, 

As noted previously for the single disc load with a heaviside loading history, the amplitude 
of the uplift decreases with increasing mantle viscosity 7, channel depth H or with increasing 

Figure 12 - continued 
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w (4 
0 

Figure 13. Same as Fig. 12 but with H = 200 km. 

thickness of the elastic layer h, once this thickness becomes a significant fraction of the 
load radius: a model of low mantle viscosity and thick h,  gives similar uplift amplitudes as 
a model of higher 77 and thinner h,. Similarly, a channel with low viscosity yields uplift 
similar to that of a uniform mantle with a higher viscosity. These model profiles should be 
compared with the ‘observed’ profiles illustrated in Fig. 11 and a quick inspection readily 
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Figure 13 - continued 

confirms that a separation of h,  and q is not possible for the uniform viscosity models. 
Matching the observed uplift profiles, in both magnitude and wavelength, with the model 
profiles is satisfactory for a range of parameters (Table 3). One notes that the viscosity 
estimates deduced from the x-profile are consistently lower than those obtained from the 
y-profile and this could be due to several causes: (1) the extent of the water load is under- 
estimated in the x-direction or overestimated in the y-direction; (2) the crust does not 
respond as a continuous plate in the x-direction; (3) the cumulative vertical motion due to  
the Wasatch Fault is sufficiently large to cause a shift in the observed uplift centre towards 

21 
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Table 3. Viscosity estimates on the basis of deep and channel flow models with 
various crustal thicknesses. 

Mantle model Thickness of Viscosity estimates (lo2’ P) 
elastic layer 
h,(km) From x-profile From y-profile 

Uniform mantle 15 9 .o 12.0 
( H  = 800 km) 20 6.0 10.0 

30 - 1.8 
Low viscosity channel 15 8 .O 10.0 
(H = 200 km) 20 6.0 8.0 

30 - 1.6 

the fault, thereby decreasing the uplift wavelength in the x-direction; or (4) any regional 
uplift of the Basin and Range Province perturbs the results in the y-direction more than in 
the x-direction. None of these effects alone seems to be adequate to produce appreciable 
uplift but a combination of these factors may be significant. Perhaps the greatest uncertainty 
stems from the presence of the Wasatch Fault and we attribute less weight to the results 
deduced from the x- than from the y-profile (see Appendix). 

The best fitting theoretical uplift profiles in the x- and y-directions are given in Fig. 14 
(a and b respectively). All of these computed profiles fit the observations of Crittenden 
and it is not possible to narrow down the possible h , , H  and r] values any further than given 
in Table 3 .  The predicted uplift rates along the x- and y-axes are summarized in Table 4 for 
those values of r ] ,  h, and H that give acceptable uplifts. As noted previously for the single 
disc representation of Lake Bonneville, the rate of uplift alone does not give a unique value 
for the viscosity even if h,  is known. The present uplift rate W is quite sensitive to h,  and, 
for the viscosities considered here, w decreases with increasing h, .  The thickness of the low 
visocisty layer affects 14 in a similar manner. If Reilinger’s values of 1-2 mm yr-’ of uplift 
rate for the region are attributed to the isostatic rebound associated with Lake Bonneville 
then h, 5 15 km and H <  200km. Again from Table 4, the extent of the positive uplift 
region, defined as the area within w = 0, is a strong function of the H ,  increasing with 
decreasing channel depth. Thus, if the observations of Anderson & Bucknam (1979), indi- 
cating subsidence south of Lund 0, < -300 km), are correct then this too points to a 
shallow channel low viscosity layer with H < 200 km. 

The principal source of uncertainty in the above parameters probably lies in the data 
pertaining to the water load and its history and possibly in ignoring any complexities arising 
from the Wasatch Fault. The most uncertain parameter is the areal extent of the load at 
times of maximum inundation. The southern edge of Lake Bonneville, for example, is taken 
by Crittenden to be near Lund (x -40km, y - -300km) but this boundary has been 
questioned by Anderson & Bucknam (1979) who locate it at a point about 50km further 
south, increasing the surface of the lake by about 800km’. The main reason for this uncer- 
tainty is that the southern shorelines are poorly developed in areas occupied by a shallow 
water load for short periods only. (Compare, for example, the loading history for the 
southernmost disc (number 12) of our model with that for the other discs (Fig. lo).) For 
these same reasons the consequences of any modification of the load as proposed by 
Anderson & Bucknam on the rebound in the distance range -250 < y < - 150 km are small. 
Elsewhere, where the loads are more important, the uncertainties are also reduced since the 
shorelines are generally better developed. 

The loading history presents another source of uncertainty. The reconstruction by Bissell 
(1978) differs little from that adopted by Crittenden and more recent work by Currey 
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Table 4. Maximum uplift rates 3, location of zero uplift and the maximum present uplift for the best-fitting 
mechmical models given in Table 3. 

x-profile 

H(km) h ,  o(1oZop) 3(mm xOcm) w(m) q(1Oz0P) 

800 15 9.0 0.55 -130 58.1 12.0 
20 6.0 0.22 -150 57.0 10.0 
30 - 1.8 

200 15 8.0 0.65 < - 200 53.5 10.0 
20 6.0 0.34 <- 200 52.0 8.0 
30 - 1.6 

yr-’) wherew=O max 

y-profile 

w(mm y(km) Wmax 
yr-’) where 3 = 0 (m) 

1.04 -95 56.3 
0.59 -110 55.7 
0.1 1 - 100 54.3 
1.13 <-250 52.5 
0.66 <-250 51.9 
0.16 <-250 51.1 

(1 980) confirms Crittenden’s model for the last 20 x lo3 yr. The earlier loading cycles must, 
however, be considered as relatively uncertain, We can assess this error by considering the 
single disc load subject to  the history given by equation (1). From equation (45), noting that 
t > t ,  > to = 0, the differential uplift follows as 

6w(t )  = w(A,  t )  - w(0, t )  

Denoting the uncertainties in A,  h, t by EA , ~ h ,  Ey respectively, the corresponding errors in 
relative uplift are 

where the variation of the integrand in equation (47) due to  small changes in A has been 
ignored. The total error from all three sources is 

The mean radius of the disc load is (xoyo/~)”2 where xo and yo  are the mean dimensions 
of the lake in the x- and y-directions. Then an uncertainty 6yo in the location of the 
southern boundary gives 



Earth's response to surface loading 613 

for &yo= 50km. For the uncertainty in the disc height we adopt eh = f 5 m  and for the 
uncertainty in the time history of the load we adopt f t  = f 5 x 103yr. This former estimate 
is also equal to the error that may have been made in estimating the realistic load volume. 
The maximum possible value of 6W/6w can be addressed directly from Table 4 as f0 .02  
(103yr)-' so that 

E ~ ~ / & W  11 +0.15 

The resulting error in the viscosity estimate follows from the differentiation of (47) 

a ar 
E6w = - (SW) - fv, 

a7 aq 
or 

- Eq = Esw = -ko.12. 
7 7 ~  

Thus the uncertainties in the load geometry and history are unlikely to  perturb the viscosity 
estimates by more than 10-15 per cent or by f 0.1 x lo2' P. 

lo2' poise, in general agreement with the results in 
Table 3 for models with a thin elastic lid so that the amplitude of rebound is a reasonable 
indicator of viscosity if the loads are of sufficiently large areal extent for the isostatic 
response to be dominated by the mantle. Cathles (1 975) obtained 7) = (1.8-2.4) 1 02' P 
by modifying Crittenden's results for an improved but still ad hoc allowance for the elastic 
layer. One of his assumptions was that a state of isostatic equilibrium had been reached 
16 x 103yr ago but for the viscosities yielding the best fitting profiles the maximum defor- 
mation at the centre of the load is only 5 1 - 58 m whereas the isostatic deformation would, 
for the same load, have been (pwater/pmantle) x (maximum height of water), or about 9 0 m  
for a maximum water height of 300 m over the central part of the lake. 

Cathles also investigated solutions for a narrow low viscosity channel and found accept- 
able solutions with r )  = 4 x lo2' P and H = 75 km for an adopted h, = 35 km. Our solutions 
give similar results for r )  and H but only if the crustal thickness is of the order of 15 km. A 
crustal thickness of 35  km with the above r )  and H gives a relative central uplift of only 
about 30 m. 

That the y-profile of Lake Bonneville results in a viscosity that exceeds values deduced 
from the x-profile, may be taken as an indication of an increase in viscosity with depth since 
the amplitude spectrum of the load contains more power at long wavelengths in the y -  
direction than in the x-direction. But because of the quality of the present data and in view 
of the small difference in r )  for the two profiles, we have not explored this possibility 
further. An earlier observation of Nakiboglu & Lambeck (1980), that the astronomically 
observed non-tidal acceleration and polar wander of the Earth are compatible with an 
average mantle viscosity in the range of 1-6 x lo2' P indicates that a significant increase 
in r)  with depth is ruled out since this latter result represents an average value for the mantle 
as a whole. 

In this analysis we have limited ourselves to  linear viscoelastic solids for reasons stated 
earlier. Nevertheless three studies, by Post & Griggs (1973), Brennen (1974) and Crough 
(1977), have argued that a non-Newtonian mantle viscosity is more appropriate for the 
rebound problem. (See also Peltier, Yuen & Wu (1980) who show that the effects of tran- 
sient rheology in post-glacial rebound are small.) The relaxation time of the rebound is 
defined as 

Crittenden (1963a) obtained 7) 

tR(t) = Aw/W (50) 
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where Aw is the remaining uplift at time t and w is the rate of uplift at t .  For Lake Bonneville 
the values for the present epoch are Aw = 0.04 - 4.6 and w = 0.1 1 - 1.13 mm yr-’ for the 
best fitting models. Thus tR ranges from 0.04 to  5 x lo3 depending on the chosen model. 
Since w( t )  is a function of wavelength, tR is also a function of the dimensions of the load 
which itself is time-dependent. 

The vertical displacements in the mantle for the uniform mantle model follow from 
equations (20 ,2  1 and 24) as 

S. M. Nakiboglu and K. Lambeck 

prgA [ J1(au) Jo(ux) (1 + uy)  exp(- uy)  W du 6 (1 - VC) w(r, z ,  t )  = 
PC Ju = O  a1 

where y = z/h,  and z is the depth measured with respect to  the crust-mantle interface at the 
undeformed state. W is given by equationl45) with F = - 1 .O. The strain ezz and strain rate 
t,, follow from differentiating (5 1) with the result 

= -6 (1  -u,) __ Jl(au) Jo(ux) u2y exp (- uy) [c)  du. I PrgAJ-  Pchc u = o  a1 

ezz(r9 z, t )  

M r ,  z, 0 .  
Because of the boundary conditions at the elastic-viscoelastic interface, the strains and 
strain rates vanish at y = 0. Fig. 15 illustrates the depth dependence of these strains and 
strain rates at the centre of the load for the multidisc, multitimestep load history and for the 
uniform mantle model with 7) = 0.9 and 1.2 x 1021 P and h,  = 15 and 20 km. The results 
are given at two epochs; the present t = 70 x 103yr and at the time of the final removal of 
the load 54 x 103yr ago. The maximum strains and strain rates occur at a depth of about 
50-80km below the base of the elastic layer. The present maximum strain is - 2 x  lo-’ 
and the maximum strain rate is - 2 x 10-l6s-l. At 54 x 103yr, when the deformation at the 
centre was maximal the maximum strains were - 29 x lo-’ and the maximum strain rates 
were - 9 x s-l. These low strains could result in steady state creep not being attained 
and this would suggest that a nearly linear rheology is appropriate (Goetze & Brace 1972). 
Alternatively, if these strain rates are placed on  the deformation maps for olivine given, for 
example, by Stocker & Ashby (1973) or Kirby & Raleigh (1973), noting that the heat flow 
and seismic low velocity zone suggests that mantle temperatures may be higher than the 
usual ‘continental’ geotherm, the Lake Bonneville results plot near the transition from 
Newtonian-like creep mechanisms to dislocation creep and this evidence also is not strongly 
in support of a non-linear rheology. 

The vertical strain and strain rate for the case of a shallow channel model follow similarly 
as 

where 

u sinhud 
ud + sinh ud  cosh ud 

F* = F  (sinh uy + uy cosh uy) + u( 1 - F uy)  sinh uy . 

By confining the deformation to  a narrow low-viscosity channel strains and strain rates will 
exceed the above values for a uniform viscosity mantle and the flow may be non-linear. But 
in the absence of strong evidence for such a channel we have not pursued these strain calcu- 
lations further. 
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Strain-rate (-e,,x d 6 s - ’ )  
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Figure 15. Strain rates and the strains under the centre of the load at two epochs, the present t = 70 x lO’yr 
(b), and just before the major removal of the load at t = 54 X 103yr (a). The model parameters are 
H + ~ , h c = 1 5 k m , ~ = 1 . 2 X 1 0 2 1 P ( 1 ) a n d h , =  2 0 k m , q =  l .0X1O2’P(2).  

The range of permissible solutions all indicate that h,  5 30 km if the central uplift is to  be 
explained by the rebound data. This compares with about 35 km for the crustal thickness, 
suggesting that the crust acts predominantly as an elastic layer in loading problems on the 
time-scale of 104yr. The estimate of h,  is the effective elastic thickness and the actual thick- 
ness of the stress-bearing layer may exceed this if there is a depth dependence in the 
rheology. A 30 km thick elastic layer does not explain the magnitudes of the uplift rates and 
Reilinger’s results require that h, 5 15 km. Anderson & Bucknam’s observation of defor- 
mation also cannot be explained by rebound unless h,  5 15km. Both observations are, 
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however, insufficiently precise to  draw the firm conclusion that the elastic layer is abnor- 
mally thin. Nevertheless; (1) the general absence of seismicity below 10-15km depth, (2) 
the presence of a crustal low velocity zone at 10-15 km, and (3) the high value for the 
seismically determined Poisson ratio for the lower crust, may also point to a thin elastic 
layer for the region. 

In addition to improved uplift rate data, a further test of the validity of the mechanical 
models developed here follows from a more detailed examination of the warping of the 
shorelines away from the load centre. We previously noted that there has been some confu- 
sion about the interpretation of the extent of inundation and uplift at the southern 
extremity of Lake Bonneville due to poorly defined shorelines in a shallow part of the lake. 
Anderson & Bucknam (1 979) investigated these shorelines more closely and their results are 
suggestive of a peripheral bulge at about 200 km from the load centre. The load model used 
here is too regional to give detailed shorelines along some of the narrow flooded valleys 
but at least for the Escalante Desert area the model predicts grossly what is observed and 
removes the need for a tectonic explanation. That the deformation may be in a sense that is 
opposite to  the general trend is not evidence against isostatic rebound as supposed by 
Anderson & Bucknam. It is in fact strong evidence in favour of the rebound model. Similarly 
the change of rates of uplift with distance from the load centre will undergo a change of sign 
at about the location of Milford. Detailed examinations of shoreline warping and uplift rates 
in these and other valleys such as the Cache and Sevier valleys may reveal further infor- 
mation on the structure of the moat that would irrefutably confirm not only the rebound 
hypothesis but also the mantle viscosity estimates. 

S. M.  Nakiboglu and K .  Lambeck 
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Appendix 

The analysis of uplift in the x- andy-directions indicated the possibility of some anisotropy 
in the viscosity and crustal thickness estimates, with the y-direction data favouring both a 
higher mantle viscosity and a thicker elastic layer. One reason for this result may be the 
discontinuity introduced by the Wasatch Fault running approximately parallel to the eastern 
boundary of the lake. This effect can be investigated more quantitatively with a one- 
dimensional model of an elastic beam overlying an inviscid mantle, an assumption that will 
be approximately valid underneath the load if the age of the load is great compared to the 
relaxation time of the mantle. Therefore we will not so much be evaluating the short-term 
response as the isostatic response of the crust and mantle. 

Consider a beam of cross-sectional moment of inertia I with a rectangular cross-section of 
unit width. The equation of vertical equilibrium is 

where I = h:/12. For a load 

the deflection and the bending moment for an infinite beam is (Hetenyi 1946, p. 15) 

w(x)  = 

I x I G XOi2 [ 2-exp(-h q ) c o s h l  x +xo - exp - h  - ;Xo) cos x xO-xl ( 
t e x p  ( - A T )  c o s ~ ?  xO-xl  P m  [ -exp(-XT)coshI- x t x o  x t x o  

x 2 XOIZ 

M ( x )  = 

xO-xl 2 
(exp (-A T) sin x ~ x +xo t e x p ( - h y ) s i n h -  x o - x  

2 4 
Ix I G x0/2 

4 hZ x +xo x t x o  x-x 
x 2. XOI2 "-""I 2 

- I " x p ( - h i )  sin x ___ 2 - exp (- x T o )  sin x 
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where 

The horizontal and vertical stresses are (Timoshenko & Goodier 1970, pp. 52, 53) 

For a semi-infinite beam with a boundary at x = 0 coinciding with the Wasatch Fault the 
boundary conditions are complicated by the need to consider the degree of support and 
continuity of w, uzz,  uXy,  uxx at the fault. The solution (A2, A3) are for full continuity of 
these quantities across the fault in agreement with the boundary conditions used in the 
above solutions for mantle viscosity. 

Assuming that the Wasatch Fault is vertical the Bonneville loading introduces a positive 
downward shear stress and a negative horizontal stress on to the fault plane. The fault will 
resist these added stresses with the frictional strength in horizontal and vertical directions. In 
the event that the fault yields, decoupling of the plate will first occur in the horizontal 
direction, not only because horizontal stresses uxx, a,,,, on the fault plane are larger than the 
vertical shear stress uxz, but also because the frictional strength of the fault against hori- 
zontal tension is probably lower than in the vertical direction. Thus the fault will resist 
deformations induced by the Bonneville loading in both directions, horizontal tensional 
direction being the critical one. This expected behaviour falls in between the behaviours of a 
continuous boundary and a totally free boundary. A mechanically simple model within these 
bounds is a hinge boundary with no resistance to horizontal forces and moments. Therefore, 
we adopt this boundary condition on the fault not so much as to represent the actual fault 
behaviour under vertical loading but to assess the effects of lack of continuity across the 
fault on the deformations. 

The Wasatch Fault is therefore treated as a simple hinge support, providing full support in 
shear ax, but not transmitting any horizontal stress ux,, and the boundary conditions at 
x = 0 are w = 0 , M  = 0. The solution of equation (Al) then is 

2 + exp(-Ax) [[-2[2 -exp(-Axo) cos Axo] cos Ax - [2 -2  exp(-Axo) 

cos Axo - exp(-Axo) sin Axo] sin Ax] - exp [-A(xo-x)]. x < x o  

Pm exp [- A(x - xo)] cos A(x - xo) - exp(- Ax) I[ [2 - exp(-,Axo) cos Ax01 cos Ax 

x > x o  t [2  - 2  exp(-Axo) cos Axo - exp(-Axo) sin Axo] sin Ax]. 

The deflections are given in Fig. A1 for a lake approximated by a rectangle with xo= 
190km,y0=320km,  h = 2 8 6 m ,  pm = 3 . 3 5 g ~ r n - ~ , h , = 1 5 k m .  The isostatic displacement 
under the lake is about 87 m and is not significantly affected by the existence of the fault. 
The wavelength of the deformation, however, is significantly reduced if the fault behaves as 
a simple support and the use of a continuous plate model could lead to  an underestimation 
of the crustal thickness. The actual behaviour of the fault under the varying load of the lake 
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Figure A l .  Deflection along tne x-profile assuming: (a) a discontinuity at the Wasatch Fault which is 
represented as a hinge with h ,  = 15 km; (b) assuming perfect continuity with h ,  = 15 km. 

is obviously more complicated than the two simple models given above depending on the 
frictional strength of the fault in vertical and horizontal directions; however, these two 
simple models should provide us with the upper and lower bounds of the deflection and 
stresses in the vicinity of the fault. 




