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Thermal Response of a Moving Lithosphere Over a Mantle Heat Source
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The mid-ocean bathymetric swells observed around some volcanic island chains can be modeled using
the thermal conduction equations of an oceanic lithosphere moving over a heat source located at the
base of the plate. Some previous studies of this problem have suggested that the heat source must lie well
within the lithosphere in order to explain the observed bathymetry and surface heat florv. These con-
clusions are based on an isothermal boundary condition at the base of the lithosphere, but this choice
requires that the heat source is maintained above this boundary and can actually lead to a flux of heat
back into the mantle, particularly in the vicinity of the heat source. If the lower boundary is insulated
insofar as the anomalous temperature field is concerned, flux from the heat qource back into the mantle is
prevented, resulting in a more rapid uplift oi and in an increased heat flow across, the seafloor. Previous
solutions have ponsidered only the steady state solutions, whereas the present model also evaluates
transient solutions. For rapidly moving oceanic plates the transient effects can be neglected provided that
the heat sourçe has been active for at least 107 years and that the direction ofmotion and the intensity of
the heat source have remained constant in this interval. Solutions, with the heat source located near the
base of the conductive layer, of the conduction equations for heat flow, bathymetry, and geoid heights in
the spatial domain reprodgce the principal observational characteristics of the Hawaiian swell at dis-
tances åway from the immediate origin of the swell, and this part of the swell can be used to estimate the
thermal conduction model þarâmeters. The model does not wholly explain the observations near the
origin and the mismatçh may reflect a dynamic component in the support of the swell.

INrnooucuoN

Within the framework of the plate tectonics hypothesis the
thermal evolution of the lithosphere is adequately explained
by models of conductive heat transfer in which newly formed
lithosphere at ocean ridges cools and contracts as it ages and
spreads away from the ridge axis [e.g., McKenzie, 1967; Tur-
cott anà Oxburgh,1967]. Much of the observed ocean bathy-
metry and heat flow can be explained by these models. Specifi-
cally, the bathymetry is proportional to the square root of the
age of the lithosphere as is the heat flow le.g, Sclater anil
Francheteau, l97O: Anilerson et al.,1973; Parsons and Sclater,
1977; Heestand and Crough, 1981], but exceptions do occur.
Most notable are the swells surrounding some volcanic island
chains such as Hawaii, the Cook-Australs, Bermuda, and
Cape Verde. Here, the regional bathymetry may be as much as
1000 m above the surrounding seafloor lDietz and Menard,
1953; Menard, 19731 and above that predicted by the litho-
sphere cooling models. It has been suggested that these swells,
and posgibly the associated midplate volcanism, are the result
of anomalously high temperatures, or hotspots, within or
below the lithosphere lWilson, 1963; Morgan, 1972¡' Detrick
a4d Crough,1978l. This appears to be confirmed by the obser-
vations of heat flow, with the surface heat flow along the
Hawaiian swell being reported to be about 20-25% higher
than for "normal" ocean lithosphere of the same age as predic-
ted by the conductive cooling model lDetrick et al., l98l; Von
Herzen et aI., 1982]. These authors also note that the anoma-
lous heat flow increases from the present center of volcanic
activity at Hawaii, where heat flow is normal, to values that
are 20-25Vo above normal at Midway. The majority of the
midplates swells rise to a depth that is comparable to depths
ol 25 Ma old lithosphere and then subside at a rate that is in
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accordance with the conductive cooling of the rejuvenated
plate lCrough, 1978f. This is usually taken as evidence that
the conductive heating and coollng is the dominant mecha-
nism of heat transfer and in controlling the regional bathy-
metry. However, magmatism and convective heat transport
may be important within the "hotspot" area [e.g., Withjack,
r979).

In ordeî to explain the steep upwelling at the upstream end
of the swell it has been argued that the conductive reheating
model requires very rapid heat advection and a rather shallow
heat source situated in the upper half of the lithosphere [Sand-
well, 1982; Detrick and Crough, 1978]. However, our numeri-
cal experiments indicatc that such extreme thinning leads to
much faster subsidence and to higher heat flow anomalies
than is observed. Instead, the diffrculty with the uplift at the
upstream end of the swell can be partly resolved by introduc-
ing a more realistic thermal boundary condition at the base of
the lithosphere (see below).

An alternative suggestion for the origin of the ocean swells
is that they are a consequence of dynamic forces acting on the
base of the plate and associated with mantle convectton [e.g.,
Watts, 1976; McKenzie, 1977; McKenzie et aL, 19801. The
overall observational characteristics of such a model are simi-
lar to those of the static conduction model since in both in-
stances uplilt is proportional to 3au, a being the linear thermal
expansion coefficient afid u the anomalous temperature of the
mantle in the dynamic model and of the lithosphere in the
static model. Both processes probably combine in producing
the observed heat flow and bathymetry that characterize the
major ocean swells, with the dynamic process probably being
more important at the active end of the swell and the static
process governing the subsidence farther away.

A formulation for conductive heating of a lithosphere
moving relative to a point source was given by Birch 11975).
This was the steady state solution of Cørslaw and Jaeger

[1959] for a half space with its surface kept at a constant
temperature. This model tacitly assumes that the hotspot con-
ductiyely heats up the sublithosphere mantle as well as the
lithosphere and if used to interpret surface observations, it will
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lead to an overestimation of the heat source. More recently,
Mareschal [1981] derived the Grèen's functions for surface
heat flow and uplift of a stationary lithosphere úith an anom-
alous heat flux at its base. This model is not directly appli-
cable to the oceanic plates which are presumed to move rather
rapidly relative to the hotspots. Sanilwell [1982] considered
the problem of the lithospheie moving with respect to a
stationary heat source that lies within the lower part of the
layer such that the plate is effectively pulted through the heat
source. His solutiohs are for the steady state condition and are
given as Fourier transforms of the Green's functions for tem-
perature, surface uplift, and geoid perturbation. Sandwell
adopts an isothermal boundary condition at the base of the
plate, but this choice can actually lead to a flux of heat back
into the mantle, particularly in the vicinity of the source, and
it is this that dictates that the source lies within the litho-
sphere if this model is to represent the rapid uplift rate at the
younger end of the Hawaiian swell lDetrick anil Crough,
19781. In iact, the isothermal boundaiy condition in the neigh-
borhood of the hotspot requires that the heat source is main-
tained above the boundary surface, not below in the region
that does not participate in the plate motion: The adoption of
the isothermal boundary has the immediate consequence that
the heat sÒurce must be above it and within the moving plate.
A more appropriate lower boundary condition may be one of
zero heat flux, one that is insulated insofar as the anomalouÀ
temperature field is concerned. This condition prevents flux of
the anomalous heat back into the mantle and, all other pd-
fameters being equal, results in a more rapid uplift of, 4nd in
an incieased heat flux across, the seafloor. This boundary con-
dition represents the other extreme to the isothermal model
but may be more representative of the actual conditions at the
base of the lithosphere. A more rigorous formulation should
incorporate the earth's mantle as the second layer in which the
"hotspot" is maintained as a three-dimensional vertical pluine
from great depth.

In this paper we consider both the transient and steady
state solutions of the thermal conduction into a plate moving
over a stationary source, beneath or within the layer, under a
general set of boundary conditions. The resulting solutions
permit not only an examination of the plate in the not insig-
nificant timê interval required before the steady state is
reached but also the treatment of time dependent heat sources
or of time dependent plate motions. IVe make some qualita-
tive comparisons of the predicted heat flow, bathymetry, and
geoid fields with observations of the Hawaiian swell. A prin-
cipal conclusion drawn is that much of the older part of the
srùell, greatei than âbout 5 Ma, can be attributed to the con-
ductive heat transfêr with a source located beneath the litho-
sphere. The model does not adequately represent the observed
fields for younger ages, and this discrepancy may be indicative
of a dynamic contribution to the support of this part of the
swell.

GpN¡neLlz¡o GneeN's FuNcrroNS ror Terr,rpsRa:run¡
AND SURFAcE Hnnr Frow

Consider a lithospheric plate moving over or through a heat
source. the resulting anomalous temperature field u is a
consequence of the conductive heating of the plate by the
sourcê and is suþerimposed upon an ambient steady state field
uo. The plate is taken to be a homogeneous isotropic solid
with thermal properties that are independent of têmperature.
No changes of state arê assumed to occur in response to the
temperature perturbation. The governing equation for a
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stationarv medium is

where K is the thermal conductivity and rc is the thermal
diffusivity of the plate. Q is the rate at which heat is produced
in the solid, per unit time per unit volume, and will be a
function of both position and time. V2 is the Laplacian oper-
ator. In cylindrical polar coordinates (r, 0, z) appropriate for
problems with cylindrical symmetry,

v 2 = ô , , + r - L a , + a . ,

Also â, : ôlõr, a¡d ô,,: ô21ô12, etc. We take the horizontal
x-y plane to coincide with the lithosphere-asthenosphere inter-
face, and the z axis is directed upward.

The initial condition for a heat source applied at time ú : O
is

tt]i 
,(', z, t\:0 (z)

The boundary conditions for the anomalous temperature field
can be written in a general \ryay as lc|. Carslaw anil Jaeger,
1959, pp. 18-251

(-krô,u *  hru)1"=o:  g

(krô,u *  h2u)1"=¿:0

(1 )v'u +ft: Iu,

(3a)

(3b)

where d is the plate thickness. The k, and h¡ are constants and
the Kh,lk, are sometimes referréd to as the surface conduc-
tance. Three special c¡rses can be deduced from (3): (1) iso-
thermal boundary (kr:0), (2) insulated or zero heat flux
boundary (hr:0), and (3) convection boundary condition ac-
cording to Newton's law of cooling. In the present formulation
we consider souices at arbitrary locations within or on the
botrndary of the plate with the case of a hotspot heating the
plate from below being treated by placing the source p on the
boundâry.

The heat souree is initially aSsumed to be stationary relative
to the lithosphere. Its intensity is described by Dirac delta
functions of position and time as

Q(r, z, t): ô(r - r')ô(z - z')ô(t - {) (4)

where r', a¡d, z' are the coordinates of the impulse point source
and r' is the epoch at which this source is applied. With the
assumption of cylindrical symmetry and homogeneous initial
conditions, the boundary value problem defined by (1f{4) can
be solved using Hankel and Laplaee transform techniqires.
The point source solution for the anomalcius temperature field
is given in Appendix I (equation (47ø)) and the solution for a
moving source (or moving lithosphere), distributed over a
finite arèa and applied for a finite period of time, follows from
the convolution of this point source solution with appropriate
spatial and temporal distribution functions. The Green's func-
tions for the temperature field, for a lithosphere in uniform
motion relative to a point source located within the plate or at
its base, are given by equations (48) and (49).

The anomalous surface heat flow is

O: -Kn .  grad u
or (5)

{t : _ Kô,u1"=a

where n is the outward unit normal vector of the surface
across which the flux is measured. From equations (47), (A8),
and (A9) the Green's function for surface heat flow due to a
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Fig. lb

Fig. 1. Steady state surface heat flow for an 80-km+hick lithosphere heated by a point source of intensity Q:4.19
x 106 W (106 cal s- t) located at x' : 0. The following notation for the various results is adopted. I, isothermal boundary

condition at the base ofthe plate; II, insulated boundary condition; a,zerc plate velocity; b,u:0.02 m yr-r; i, heat
source located on the lower boundary (z' :0.01d); ii, heat source located within the plate at z' :0.2d.

source located at x' : y' :0 and z' is

o @
Gn@, y, t):;n 

,),t,t,'{')t,(z')1,(x, 
y, t) (6)

with Z,'(z\ : d2vn(-ktvn sin vnd + h, cos v,il) and the eigen-
values vn defined by equation (47å).

BouNpnnv CoNorrroNs

The Green's functions developed above are for the general

boundary conditions given in (3). If the seafloor is covered by

a thick layer of compacted sediments, the heat escape through
the upper boundary surface (z : d) is proportional to the ratio
(sediment conductivity/sediment thickness) lCarslaw and

Jaeger, 1959, pp. 20-2ll and is generally inefficient: In the

absence of sediments the overlying water body transfers heat

away from the plate predominantly by natural convection and

now the heat flux across the ocean floor at z: il is pro-
portional to the 514 power of the temperature diflerence be-

tween the body and the water lCarslaw anil Jaeger, 1959, p.

21]. For thin or unconsolidated sediments a heat flux pro-

portional to temperature appears more appropriate. Heat flow

observations across undisturbed ocean lithosphere indicate

that the quantity (hzdlk) is ofthe order of 102 - 103 and such
a large value permits of a simplified boundary condition at the
ocean floor, irrespective of the nature of the boundary con-
dition at the base of the lithosphere. First, taking the lower

boundary to be insulated, then

ô"u1"=o: O 
,r . ,

(krôp * h2u)1"=¿: O

With the conditions (7) the eigenvalues of the governing differ-
ential equation follow from equation (47å) as

v^d tan v^il : hd (8ø)

where h : hzlkz. The smallest positive root of (84) is
vd :1 .5552 fo r  hd :100,  and i t  i s  n l2  fo r  h i l -  co(k r+O) .

The difference is only about 1% and a reasonable approxi-

mation of the upper surface boundary condition is obtained

by sett ing kt:0. Second, taking the lower boundary to be

isothermal, then

vd : -hd tan vnd (8b)

The smallest posit ive root of this equation is vnd:3.1105 for

hd : l0O, and n for hd- ca. The difference is again negligible,

and the condition frz :0 is adequate for this case as well.
Hence the ocean floor can be taken as an isotherm, and

(- krô,u - l  hlo)1"=s : 0
(9a)

u l "=¿ :  0

The base of the undisturbed lithosphere can be considered
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Fig. 2. Transient Green's functions fo¡ isotherms in the ocean lithosphere in the J : 0 plane (along the direction of
plate motion), and (lower right) in !!9 , ; 0 plane (orthogonal to plate mòtion). The point source ii locaìed at x, !, z :0,
0,0, has an intensityof4.16 x 106 W (10ó cai s-r). The cõntours ùr in d"gr..r celsiús. The sready state in the y direction
is reached very quickly, and the results on the right are independent of timJfor t > 106 years.

o 5
y(km)

.o, 
[t, 

- àn"jf,,@, ,, t) (rlb)

as an isotherm, but in the presence of an anomalous heat
source at the base the isotherms are perturbed as is the lower
boundary of the lithosphere. It is unlikely that the heated
lithosphere releases some of its heat back into the astheno-
sphere from where the anomalous heat source presumably
originated in the first place, and a more plausible approxi-
mation is a boundary that does not permit this return flux or
one that is insulated with respect to the anomalous temper-
ature. Thus the simplified boundary condition appropriate for
the ocean lithosphere around the heat source is

â"u1,=s:0

1 ' 1 , " = d :  0

The resulting positive eigenvalues, from equation (A7b),arc

and

. o 3G'ft, y, z, t) : # I (- l)'(n - å)
L @  

h = l

,e)ï: ,1
' .0 {  #- l*+@-t) '#"] , \  e2a)

, , : 1 "  -  ï ) j  n :  r , 2 , . . .

(eb)

(10)

with

I^(x, y, t) : ¿¡

Comparable results for the isothermal lower boundary follow
by setting vn: nnld (n : 1,2,' '  ') into the equations given in
Appendix 1.

The consequence of the choice of lower boundary condition
on the surface observables can be signiflcant. This is illus-
trated in Figure 1 for a nominal heat source. The steady state
Green function for the surface heat flow Gn has been com-
puted here for the two different boundary conditions at z :0;
namely the isothermal condition u : 0 (curves I, Figure la)
and the insulated boundary ô,u :0 (curves II, Figure 1b). The
former condition underestimates the surface heat flow when
compared with the insulated boundary condition, and the dif-

The Green's functions for temperature and surface heat flow
follow by substituting (10) into the relevant expressions given
in Appendix 1. The results are

O ø l - r - l
G,,(x, v, z, tl: --=- I cos | (n - Ð" -l' 2nKd fr, L' "' d)

. 
"os [t, 

- ¡¡,'r]rp, y,,¡ (ra)

TABLE l. Definitions and Values of Parameters Used in Model Calculations

Parameter Definition Value Source

K

c
p
rc

thermal conductivity
coefficient of linear

thermal expansion
specific heat
mean lithospheric density
thermal diffusivity

2 .1  W m-1  deg - t
5  x  10 -6  deg - r

840 J kg- l  deg-r
3.3 x 103 kg ¡¡ -s
7 .6  x  10 -7  m2  s - r

Clark 11966l
Skinner 11966l

Carslaw and Jaeger 17959f



ference may be more than an order of magnitude if the heat
source lies near the base of the plate or if the plate velocity is
small (compare, for example, curves I-a-i with II-a-i). This
difference reflects the flow of heat back into the mantle
through the lower boundary when the isothermal boundary
condition is imposed, and for deep heat sourc€s this flux is
much greater than the upper surface flux. The extent of the
region of anomalous heat flow is similarly influenced by the
choice of the boundary condition at the base of the litho-
sphere with the isothermal condition yielding a smaller region
of anomalous heat flow; by a factor of 2 in radius if the plate
velocity is small.

Tn¡NslE¡¡r EnE¡crs or ANouerous HEAT Souncn

In earlier studies lMareschal, l98l; Sandwel/, 19821 it was
assumed that the heat source had been active for a sufliciently
long period of time for the transient temperature field to be
negligible. However, the dimensionless time, or the Fourier
number, rctf ilz, appropriate for the oceanic lithosphere is such
that the transient effects are reduced by 

"-t 
of the original

value in (5-10) x 10? years, a time scale that is comparable to
the age of the ocean floor beneath, for example, the Hawaiian
islands. Transient effects may therefore be significant in dis-
cussing mid-ocean swells. The behavior of the temperature
Green's function for transient conduction is illustrated in
Figure 2. In these calculations the point source of 8: 4.2
x 106 J s 

- 1 1106 cal s 
- 1) is located on the lower boundary at

x, | : 0 of a layer with d : 80 km. The x and y axes coincide
with the direction of the plate motion and the transverse di-
rection, respectively. Other thermal parameters are summa-
rized in Table 1. The temperature distribution in the y direc-
tion, normal to plate motion, attains the steady state quickly,
whereas it takes much longer to reach this state in the x
direction parallel to the plate motion. Here the required time
is approximately inversely proportional to the plate velocity.
The singularity of the Green's function that occurs at the

Fig. 3. The steady state isotherms for the anomalous temperature
field in the ocean lithosphere downstream from the hotspot in a plane
along the plate motion. The heat source of radius R:200 km and
intensi ty { :25 HFU (1.05 W m-2¡ is  located at  the base of  the
lithosphere. The contours are in degrees Celsius. The plate velocity is
u :0.02 m yr- t  ( top) and u :  0.08 m yr-  t  (bot tom).
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point source is removed upon the convolusion of this function
over the volume of a distributed heat source.

The anomalous temperature field of the source will also be
overestimated because some heat goes into the partial melting
of the lithosphere. An approximate way of taking this into
account is to replace the speciûc heat by an effective value
lCarslaw and Jaeger, 1959, p.2891

L

" r : t + Â r _

where L is the latent heat of fusion and Âu. is the melting
temperature range of the lithospheric material. A still simpler
treatment is to reduce the theoretical temperatures in the
region of partial meltingby Llc. If the lithosphere is defined
by an isotherm representing the onset of partial melting, thin-
ning of the plate may first occur around the source and then
spreads with time in the direction of plate motion with the
amount of thinning being approximately inversely proportion-
al to the plate velocity.

The calculations illustrated in Figure 2 show that the tran-
sient effects of the hotspot can be neglected for the ocean
lithosphere if the hotspot has been active for more than 107
years, provided that the direction and velocity of the plate
motion remained constant during this period. The Green's
functions for the steady state temperature conditions follow by
taking the limit ¿- co in (12a), or

/(x, Y, co): lim 1(x' Y' Ð

(r2b)

where Ko is the modified Bessel function. The appropriate
steady state Green's functions follow upon substituting (12å)
into (1ld) and (1lb).

SorurroNs FoR Hr¡,r Souncns
oF FINITE An¡¡.1 Exrnur

Denoting the steady state Green's function for the anoma-
lous temperature field by G,*(x, y, z),tbe convolution over a
heat source with volume c and intensity Q@, y, z) gives the
steady state temperature field:

' Q(r', y', z') dx' dy' dz' (13)

where x, y, z are the coordinates of the lithospheric point at
which u is evaluated and x', y', z' specify the position of the
hotspot points. The coordinate system is attached to the heat
source, and the lithospheric point coordinates will be func-
tions of time due to the plate motion. Analytical solutions can
be found for some simple distributions of heat source intensity
including uniform and some exponential distributions (see Ap-
pendix 2), but the numerical evaluation of these solutions in-
volve summations over the orders of modified Bessel functions
and it is equally practical to evaluate the result directly from
(13) using quadrature techniques.

The anomalous temperature field is illustrated in Figure 3
for a circular heat source, of radius 200 km, located at the
base of the plate and centered at x:0, ):0. A uniform
intensity of Q:1.05 W m-2 (25 pcal cm-2 s-l) is adopted.
These parameters are consistent with an observed surface
swell of about 1 km amplitude that is locally compensated

Nursoc¡,u ewp Leu¡ncr: Trnnv.u- R¡spoNs¡ or MovrNc Llrnospr¡pne

: 2 exp (i,).,{,1# + @ - i), fl'|

u(x, y, z): 
J 

o,',* - x'I, y - !', z - z')

r500
x(km)

x(km)
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throughout the entire lithosphere. The hotspot area has not
been included in the figure because any partial melting has not
been modeled so that the computed temperatures in the vicin-
ity of the source are overestimated.

The heat flow corresponding to the same heat source is
illustrated in Figure 4. Surface heat flow decreases, and the
location of the maximum heat flow moves downstream as the
plate velocity increases, downstream shift being approximately
proportional to the plate velocity and thickness. Also, the
thinner the plate, the greater the surface heat flow. prelimi-
nary calculations using heat sources of uniform, parabolic,
and Gaussian areal distributions indicate that the surface heat
flow is not sensitive to such fine details ofheat distribution.

Appuc¡,r¡oN To HAwAII

The classical mid-ocean swell is that of Hawaii lDietz and
Menard, 19531, and the geophysical observations of it have
been discussed by Crough ll978f, Von Herzen et at. ll982f,
and Sanilwell anìl Poehls [1980]. Only a qualitative compari-
son between theory and observations is attempted.here with
the emphasis being on highlighting the importance of the
choice of lower boundary condition. The model results are
illustrated in Figures 5, 6, and 7. A circular heat source with
Gaussian distribution has been adopted,

Q(r): Qo exp [-(r/R),]

where R is the radius of the heat source. The velocity of the
Pacific plate relative to a fixed mantle hotspot is taken to be
- 9.0 cm yr- 1 lMinster and Jordan, 1978f.

In the ensuing calculations the thermal anomalies in the
lithosphere are assumed to be compensated locally, yielding
the surface isostatic uplilt lMorgan, 19751

*
\

c
J

E
:5

È
J

(r4)

where po and p* are the densities of unperturbed lithosphere
and water, respectively, and ø is the coeflicient of linear ther-
mal expansion. The assumption of local isostasy is justified if,
as in the case of Hawaiian swell, the extent of bathymetric
anomalies and temperature perturbances exceed -150 km
lNakiboglu and Lambeck, 1985]. The corresponding isostatic
geoid anomalies follow from

N(x '  Y)  :91 !  *
o J '  t

where Âp is the density perturbations including those due to
replacement of water with crust and those arising from the
uplift of the base of the lithosphere. G and g arc the gravi-
tational constant and gravity acceleration, and I denotes the
distance between geoid point and volume element d¡. As-
suming that the density contrast at the base of the lithosphere
is zero.

h - A,h(x',y') + [(x - x')' + (t - y')' + (h - Lh(x', y'))tfrt,

where å is the depth of the water overlying unperturbed litho-
sphere. An approximate expression of geoid height for a litho-
sphere in Pratt isostasy is given by Haxby and Turcotte

Lh(x, y): 
#1,',=,^, 

y, z) dz Fig. 4. The steady state anomalous surface heat flow in the ocean
lithosphere downstream from the heat source. The heat source
characteristics are as in Figure 3. The contours are in watts pe¡
square meter.

[978] as

N(x, y) =T orr" - p*) Lh(x, y) (16)

N(x, y) :| ø" - ,' I_J r {
h + l(x - x)2 + U - y')' + h2l1t2

where D is the depth of compensation which is here taken to
be at the base of the lithosphere. We have compared the two.
equations for various values of lithospheric thickness and hot-
spot radius by integrating numerically the rigorous exprEssion
(15).. The results show that Haxby-Turcotte approximation
underestimates the geoid height by an amount inversely pro-
portional to hotspot radius, but the error is nearly constant
everywhere and it never exceeds 20% of the maximum geoid
height. For a hotspot radius in excess of 200 km the error is
below 10%.

Figures 5a and, 5á illustrate the observed and calculated

dx'dy'

D(x', y', z') dx' dy' dz'-l'*0" I. L l.'=, [(x - x')t + (y - y')2 + z'21u2
(15)

bathymetric profiles across the swell at 204. longitude and
along the swell, respectively. The "observed" longitudinal pro-
file was obtained by correcting the 1' world height data for

u.2cmly d-ao km



age of the lithosphere and then averaging these válues over 2"
blocks. Figure 6 gives the calculated isostatic geoid together
with the observed values (solid dots) which were obtained by
averaging GEOS 3 altimeter data over 2'blocks and filtering
out the 12" geoid as deduced from global satellite models. The
predicted heat flow is illustrated in Figure 7 for different
values of source radius R and plate thickness d. The heat
source intensity has been estimated by fitting the model to the
transverse profile. The calculations in the x direction are along
a line situated 250 km from the swell axis so that it can be
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compared with the observations oT Detrick er al, [1981] south
of the swell axis. These heat flow measurements have been
corrected by Detrick et al. for the decay with lithospheric age
and the residual values range from 3.3 to 13 inW m-2. These
magnitudes suggest that the thermal thickness of the unper-
turbed lithosphere is from 70 to 90 km.

What is significant in Figures 5-7 is not so much the degree
of match or mismatch between theory and observations but
that a source at the base of the "thermal lithosphere" can
pioduce the correct order of magnitude results at distances
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Fig. 5. (a) Observed bathymetric profile in a direction perpendicular to the Hawaiian swell taken at 204" longitude
(solid line); the long-wavelength bathymetry after seafloor age correction (dash-dot line); the calculated profiles (dashed
lines) for curve a, R : 600 km, and curve b, 700 km. (å) The long-wavelength bathymetry along the center of the Hawaiian
swell cofrected for age (òolid circles) together with the uncertainties associated with filtering and age corrections (error
bars). The dash-dot line is the linear regression line best fitting the observation points excluding the single upstream point.
The solid lines are the theoretical profrles for hot spot radius: curve a, R : 600 km, and curve b, 700 km. The lithospheric
thickness is 1, 40 km; 2, 60 km; 3, 70 km; 4, 80 km; 5, 90 km; and 6, 100 km. The intensity of the heat source required to
give the profiies above is inverSely proportional to plate thickness and range from 0.48 W m-2 for d: 100 km to 0.59 W
m-r for d :  40 km.
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Fig. 6. The long-wavelength geoid (solid circles) ând theoretical isostatic values (solid lines) along the center of the
Hawaiian swell. The dash-dot line is the linear regression line obtained from the observation points. The hotspot radius
and lithosphere thickness are as in Figure 5.
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Fie. 7, Comparison of observed anomalous surface heat flow (solid circles firom Detrick et al., 19gl]) with the
predicted results for the same parameters as used in Figure 5. The dash-dot line is the linear regression line obiáined from
the observation points.

away from the origin of the swell;there is no need to invoke a
significant advection of heat into the shallower parts of the
lithosphere.

DlscussroN

The two essential differences between the above model and
that given by Sandwell [1982] are (l) the choice of the insulat-
ing lower boundary for the anomalous temperature field and
(2) the inclusion of the transient effects. Sandwell adgpted the
isothermal lower boundary, but as illustrated in Figure l, this
causes a flux of heat back into the mantle, a flux that can be
considerable if the source lies deep in the plate. For a given
surface heat flow and uplift the inferred heat source intensity,
dimensions, and depth are very much a function of the choice
of lower boundary condition, and the application of the iso-
thermal model to surface observable will generally lead to
larger and/or shallower estimates of the sources than if the
insulated model is used. Most oceanic plates move at veloci-
ties in excess of5 cm yr-1 relative to the hotspots, and the age
span covered by a typical volcanic island chain, assumed to be
a surface expression of the hotspot trace, usually excçeds 107
years. Sandwell's assumption of steady state temperature field
is therelore justified for most of the oceanic hotspots, provided
that the plate velocity and direction as well as the hotspot
intensity remained relatively constant during this interval.

The surface fields predicted by the models appear to be
relatively insensitive to the thermal struciure of the hotspot,
partly a consequence of the "low-pass" filtering effect of the
lithosphere and partly due to the trade-offs that are possible
between the various parameters required in the calculations.
One potential test of the conduction model is the plausibility
of the required hotspot radius and intensity as deduced fiom
such models. For example, in the case of the Hawaiian swell
the available observations, particularly those defining the di-
mensions of the swell normal to the axis, can be matched by
the conduction model if the heat source at the base of the
lithosphere has a radius ofabout 600-700 km and an intensitv
of 0.5*0.6 W m-2. From the results summarized in Figures 5
and 6, the thickness gf the thermal lithosphere beneath Hawaii
is estimated as about 40-60 km, although the agreement be-
tween the model and observations is not wholly satisfactory
near the origin. The heat flow observations imply a thicker
(7G-90 km) thermal lithosphere (Figure 7).

These estimates assume that there is no dynamic support of
the swell. One may expect that such èffscts will be most sig-
nificant around the hotspot area such that a conductive cool-

ing model that matches the observations at the downstream
end would fail to match the observations in the hotspot area,
Possibly the disparity between the above two estimates of the
thickness of the lithosphere is in fact indicative of dual pro-
cesses shaping the swell near the origin, but the uncertainties
in filtering and smoothing the presently available data are too
large to assess realistically the relative contributions of the
static and dynamic effects.

App¡Nolx 1:
SolurloN oF THE BouNplny Ver-un PnosL¡L,r

ron ¡, Te¡r,rpnnetunn DrsrunseNcr
The temperature distribution u(x) within the lithosphere can

be expressed as the sum of two functions,rl - ó + tþ,wheretlt
is an unknown function and þ is the impulse response Green's
function for infinite space, The latter is given by Carslaw and
Jaeger 11959, p.2561 as

(Al)

where p is the density of the lithosphere and c is the specific
heat. Also, rc: Klpc, and x and x'are the position vectors of
the point at which u is evaluated and of the source location,
respectively. The source is applied at time / = 0. The function
@ satisfies the governing equation (1) but not the boundary
conditions (3). Then, since u: ó + ttt,the unkno\ryn function r/
has to be the solution of the following boundary value prob-
lem:

,  I  f  l x - x ' l ' )
e : ; _ _ - .  * _ e x p { _ _ . r }'  Epc(nr t ) ' t '  ' t  4rct  )

I
v 'ú  : ;a ,ú

- lkþ"(ó + { t)  + hr(ó + ú)Jl ,=o: s

1k,0"(þ + {/) + hr(ö +,|òlL=a : 0

The solution of (A2) with (43) is found by applying first rhe
Hankel transform with the transformed quantities being de-
noted by tilde and the transform parameter by m. Next, the
I-aplace transform is applied with an asterisk for the trans-
formed quantities and s the transform parameter. The comple-
mentary solution in the Hankel and Laplace transform
domain {* is

- t
Ô* : 

4nKnexp [-t l  lz - z '¡1

q : ( m 2 * s l r c ) t t z

(42)

(43)

with

(44)
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The double transform of (42) is

ô " . ü * - q t ü * : o

the solution of which is

1

ú* : -+- (,4 cosh 4z * B sinh 4z)' 4nKn

where .4 and B are unknown coeflicients. The solution in the
transform domain follows as

I

õ" : .:- {e*p ¡-,lz - z' l l  * ,4 cosh qz + F sinh az} (45)
4 r K n '  -  -

Substituting (45) into the transformed boundary conditions
(A,3) determines the constants ,4 and B. Substituting these re-
sults back into (45) yields

where Ko is the zero-order modified Bessel function of the
second kind. The coordinates in these last two equations are
with reference to a system fixed relative to the heat source. If
desired, t¡- can also be expressed in a moving coordinate
system, attached to the lithosphere. In this case, explicit con-
vective terms must be added le.g., Carslaw and Jaeger, 1959,
p. 131.

AppENux 2

It is possible to obtain analytical expressions for the convo-
lution (13) for some simple distributions of heat source inten-
sity q(x'y'). For example, for,r,rniform heat ove¡ a cirçular area
with radius r4 the temperature field is

2q /ur\ g z,(z)2,(z')
' : 

Kd, çxP 
\2:"/ ^!, ,,,

Taking first the inverse Laplace transform of (46), usiúg the
method of contour integration and thç residue theorem and
next the inverse Hankel transform, yields the solution iir the
time and space domain as

|  /  r ' \ , '
t  :;o"*e 

( ñ) ,)rt,t,(z)2,(z') 
exp (-v^zrct) (A7a)

The vn are the positive roots of the following algebraic equa-
tion

(46)

I t- \e(2 - ôop) cos p9f,o(r) (410)
p = o

where

f ,o(r ) :  g , r ( r \ -  B,o lo(c, r )  o<r  <A

f,o(r) : A,oKo(cnr) r >  A

8,, = c,AK o -,(r,4,,(f\ . #,, -,(f)K o@,A)

0 : tan-r !
x

/  u2 \ r tz
c n : 1 v , .  +  , _ l

\  T Á , /

Acknowledgmen¿. We thank Richard Coleman for processing
GEOS 3 altimeter data and preparing the regional geoid.

RBnBnBNcns

Anderson, R. N., D. McKenzie, and J. Ç. Sclater, Gravity, bathymetry
and convection , Earth Planet. Sci. Lett., 18, 391407, 1973.

Birch, F. S., Conductive heat flow anomalies over a hot spot in a
moving medium, J . G e o phy s. Re s., 80, 48254827, 197 5.

Carslaw, H. S., and J. C. Jaeger, Conduction of Heat in Solids, 2nd ed.,
pp. 510, Oxford University Press, New York, 1959.

Clark, S. P., Jr., Thermal conductivity, Mem. Geol. Soc. Am.,97,459-
4E9.1966.

Crough, S. T., Thermal origin of mid-plate hotspot swells, Geopltys. J.
R. Astron. Soc., 55, 451469,1978.

Detrick, R. S., and S. T. Crough, Island subsidence, hot spots and
lithospheric thinning, J . Geophys. Res., 83, 1236-1244, 1978.

Detrick, R. S., R. P. Van Herzen, S. T. Crough, D.Epp, and U. Fehn,
Heat flow on the Hawaiian swell and lithospheric reheating,
N ature, 292, 142-143, 1981.

Dietz, R. S., and H. W. Menard, Hawaiian swell, deep and arch, and
subsidence of the Hawaiian Islands, J.. Geol., 6 I ; 99-113, 1953.

Haxby, W. F., and D. L; Turcotte, On isost4tic geoid anomalies, J.
Geophys. Res., 83, 5473-5478, 1978.

Heestand, R. L., and S. T. Crough, The effect of hot spots on the
ocqn age-depth relation, J. Geophy s. Req., 8ó, 6 107-6 1 14, I 9E 1.

=* I (/r, sinh 4z' * kr4 cosh qz')14k, cosh 4(d - z) + h, sinh 4@ - z)l' : 
z"xrl

tan vnd : ( rh ' rk '  \k ' \ , t , ) : '  n :  r ,2 ,  .  ,
K l K 2 t J r -  -  f l t f r Z

/uA\ uA /uA\
4,0 : c,AI r- 1ç"eV r\X 

) 
- 

* 
r, -'\* 

)I 
nk"A)

0,, : "^t r(flll r- 1@^r)Ko(c,r) + Ko- 1(cnr)I o(cnr)J
( 7b\

and

o  _  (hz '+k r t v , ' ) d - t
" " 

- 
(h r 

t + k 12 v,z)ld(h 22 + k 12 v,2¡ + k rh rT + k rh r(h 12 + k 12 v n2)

(A7c)

Z,(z) : d(krvn cos v,z * h, sin v,z) ( 7d)

The solution for the conductive heating qf a moving litho-
sphere by a stationary heat source active for a finite time
period is obtaincd by convolving the solution (47) in time.
Thus, if the lithosphere is moving in the x direction with a
constant velocity u and if the point source heat generation in
unit time is p, the Green's function for temperature is

G,(x, y, z, t) = u(x, !, z, t): + L B,Z,(z)Znþ)In(x, y, tl
L T L L U  n =  |

where 
(48)

-  / u x \ l '  d (  I  r '  / u '  " \  I
I n :exp ( ;  )  I  - : exn {  -  - - l  - +v  ¿K  

) ( t -O f
\¿^7/ J(=o ¿ s 4rc(t-() \4rc 

' '" 
/ '  

- 
)

The integral l" can be evaluated numerically using quadrature
methods. The steady state solution u- follows from (48) by
taking the limit r- co. The result is

. O (u*\
un(x,  y ,  z) : ; j  exp (  ;  I

nLa \¿K/

. î,",t,1,¡*"1:(* *,:*')''') (Ae)



2994 Nlrrsocru exo L,¡rlr.tsrcr: Trnnulr- RpspoNss or Movlr.¡c Lrrnospgrnn

Mareschal, J.-C., Uplift by thermal expansion of the lithosphere, Geo-
phys. J. R. Astron. \oc.,66, 535-552, l9}l.

McKenziè, D. P., Some remarks on heat flow and gravity observa-
tions, J. Geophys. Res., 72,6261-6273, 1967.

McKenzie, D., Surface defoirriation, gravity anomalies and convec-
tion; Geophys. J. R. Aston. Soc., 48,211-238, lgjT.

McKenzie, D., A. Watts, B. Parsons, and M. Roufoòse, planform of
mantle convection beneath the Pacific Ocean, Nature,2B8,442446,
1980.

Menard, H. W., Depth anomalies and the bobbing motion of drifting
islands, J. Geophys. Res., 78, 5128-5137, 1973.

Minster, J. B., and T. H. Jordan, Present-day plate motions, J. Geo-
phys. Res., I 3, 5331-5354, 1978.

Morgan, W. J., Deep mantle convection plumes and plate motions,
Am. Assoc. Pet. Geol. Bull., 56,203-2L3, 1972.

Morgan, W. J., Heatflow and vertical movements of the crust, in
Petroleum and Global Tectonics, edited by A. G. Fisher and S.
Judson, pp. 2343, Princeton University Press, princeton, N. J.,
1975.

Nakiboglu, S. M., and K. Lambeck, Comments on thermal isostasv.
J. Geodyn.,in press, 1985.

Parsons, 8., and J. G. Sclater, An analysis of the variation of ocean
floor bathymetry and heat flow with age, J. Geophys. Res., 82,
803-827, 1977 .

Sandwell, D. T., Thermal isostasy: Response of a moving lithosphere
to a distributed heat source, J . Geophys. Res., 87,1001-1014, 1 982.

Sandwell, D. T., and K. A. Poehls, A compensation mechanism for
the central Pacific, J. Geophys. Res.,85, 3751-3758, 1980.

Sclater, J. G., and J. Francheteau, The imþlications of terrestrial heat
flow obsefvations on current tectonic and geochemical models of
the crust and upper mantle, Geophys. J. R. Aston. Soc.,20,509-
542, t9'70.

Skinner, B. J., Thermal expansion, Mem. Geol. Soc. Am., 97, 75-96,
1966.

Turcotte, D. L., and E. R. Oxburgh, Finite amplitude convective cells
and continenral drift, J . Fluid Mech., 28,2942,1967.

Von Herzen, R. P., R. S. Detrick, S. T. Crough, D. Epp, and V. Fehn,
Thermal origin of the Hawaiian Swell: Heat flow evidence and
thermal models, J . Geophys. Res.,87, 6711-6723, 1992.

Watts, A. B:, Gravity and bâthyrhetry in the central pacific Ocean, J.
Geophys. Res., I I , 1533-1553, 1.9'7 6.

rüilson, J. T., Evidence from islands on the spreading of ocean floors,
N ature, 197, 536-538, 1963.

Withjack, M., A convective heat transfer model for lithospheric thin-
ning and crustal uplift, J. Geophys. Rei.,84,3009-3022, 1979.

K. Lambeck, Research. School of Earth Sciences, Australian Na-
tional University, P. O. Box 4, Canberra, A.C.T., Australia 2600.

S. M. Nakiboglu, Division of Surveying Engineering, University of
Calgary, 2500 University Drive, N.W., Calgary, Alberta, Canada 12N
1N4.

(Received September 13, 1984;
revised November 26, 1984;

accepted Novembe¡ 27, 1984.)




